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:0.  ABSTRACT  (Cont'd) 

These  cases  include:  spherical  object,  ref'creneo,  !uid  reconstruction 

waves'  polarized  reconstruction  waves*'(^  reconsti-uction  wave  vectors  out 
of  the  plane  of  incidence  of  the  construction  wave  vectors'  thickness 
changes  of  the  hologram  recording  material  duo  to  processing t gross  chaiiges 
in  optical  index  to  processing'  variations  with  position  inside  the  hologram 

of  the  hologram  parameters  such  as  optical  index,  index  modvaation'  (^.satura- 
tion of  the  index  and  absorptance  modulation  with  exposure?  and  ^8).  absorption 
during  exposure  of  the  construction  waves. 


The  JWKB  approximation  is  used  to  solve  the  coupled  wave  equations  with 
variable  coefficients  which  describe  the  diffraction  process.  The  boundary 
conditions  for  both  a transmission  and  reflection  hologram  were  applied  to 
obtain  particular  solutions. 


A closed  form  solution  was  obtained  for  the  case  of  a transmission  hologram 
by  the  trapezoidal  approximation.  Good  agreement  was  obtained  between  the 
experimentally  measured  diffraction  efficiency  and  the  theoretically  calculated 
diffraction  efficiency. 
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PREFACE 

This  dissertation  i-epresents  an  effort  to  relate  theoretically  the 
diffraction  efficiency  of  a holographic  lens  to  measurable  apriori 
parameters  describing  the  holographic  construction  and  reconstruction 
geometry,  the  construction  exposure,  and  the  holographic  recording 
material.  The  concept  has  proven  to  be  successful. 

The  author  wishes  to  thank  Dr  Harold  Rose,  of  the  Air  Force  Avionics 
Laboratory  (AFAL),  who  furnished  daily  guidance  and  advice  during  this 
research  effort.  His  original  suggestion,  "There  is  a fruitful  area  of 
research  here  somewhere,  go  find  it!",  has  proven  to  be  correct.  His 
assistance  and  timely  suggestions  are  greatly  appreciated. 
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This  author's  gratitude  is  extended  to  Dr  Donn  G.  Shankland,  of 

' the  Air  Force  Institute  of  Technology,  who  greatly  aided  this  worker  during 

this  effort.  His  suggestion  of  the  JWKB  approximation  a»'d  his  reminder, 
"that  only  gradients  of  phase  are  important  (Dummy)",  have  proved  to  be 
^ V invaluable  to  the  accomplishment  of  this  task. 
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I ■■  j Thanks  is  also  extended  to  Dr  Tom  Williamson,  of  AFAL,  whose 

■_  I suggestions  and  philosophical  comments  regarding  coupled  wave  theory  and 
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, holographic  recording  material  parameters  were  of  great  aid. 
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of  those  helpful  people  includes;  Dr  Dave  Flannery,  Dick  Lane,  Andy 
Grandjean,  and  Charlie  Bond.  Dr  Flannery's  suggestion  that  I read  a paper 
on  a "Unified  Theory  of  Ultrasonic  Light  Diffraction"  by  Klein  and  Cook 
(Ref.  20)  proved  to  be  extremely  helpful.  Mr  Lane's  constant  willingness 
to  aid  with  and  make  suggestions  to  improve  my  programming  of  the  HP  9820 
calculator  is  most  appreciated.  Mr  Grandjean 's  steady  support  and 
encouragement  throughout  this  effort  were  greatly  appreciated,  especially 
on  those  days  when  nothing  seemed  to  be  going  right.  Finally,  thanks  is 
extended  to  Charlie  Bond,  of  Systems  Research  Laboratories,  whose  out- 
standing laboratory  and  experimental  abilities  are  greatly  appreciated 
by  this  author.  Much  of  the  data  appearing  in  Appendix  F,  concerning  the 
measurement  of  holographic  parameters  for  bleached  Kodak  6U9-F  holograms 
was  taken  with  Mr  Bond's  assistance. 

Gratitude  is  also  given  to  the  management  of  AFAL  who  has  supported 
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SUMMARY 

The  objective  of  this  effort  was  to  apply  diffraction 
theory  to  calculate  the  diffraction  efficiency  of  a holographic 
lens  in  terms  of  the  original  construction  geometry,  exposure 
conditions,  material  parameters,  processing  effects,  and 
reconstruction  geometry. 

The  analysis  was  based  upon  a pair  of  coupled  wave 
equations  with  variable  coefficients  of  sufficient  generality 
to  permit  the  determination  of  the  diffraction  efficiency 
in  cases  where  previous  theories  have  been  limited.  These 
cases  include:  (1)  spherical  object,  reference,  and 

reconstruction  waves,  (2)  polarized  reconstruction  waves, 

(3)  reconstruction  wave  vectors  out  of  the  plane  of  incidence 
of  the  construction  wave  vectors,  (4)  thickness  changes  of 
the  hologram  recording  material  due  to  processing,  (5)  gross 
changes  in  optical  index  due  to  processing,  (6)  variations 
with  position  inside  the  hologram  of  the  hologram  parameters 
such  as  optical  index  and  index  modulation,  (7j  saturation  of 
the  index  and  absorptance  modulation  with  exposure,  and 
(8)  absorption  during  exposure  of  the  construction  waves. 

The  JWKB  approximation  was  used  to  solve  the  coupled 
wave  equations  with  variable  coefficients  which  describe 
the  diffraction  process.  The  boundary  conditions  for  both 
a transmission  and  reflection  hologram  were  applied  to 
obtain  particular  solutions. 
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A closed  form  solution  was  obtained  for  the  case  of 
a transmission  hologram  by  the  trapezoidal  approximation. 

Good  agreement  was  obtained  between  the  experimentally 
measured  diffraction  efficiency  and  the  theoretically 
calculated  diffraction  efficiency  as  a function  of  exposure 
for  dichromated  gelatin  holograms.  Also,  excellent 
agreement  was  obtained  between  theory  and  the  epxe r i me n t a 1 1 y 
measured  diffraction  efficiency  response  to  reconstruction 
wave  polarization  changes  for  Kodak  649-F  silver  halide 
holograms.  Strikingly  different  theoretical  results  were 
predicted  for  dichromated  gelatin  holograms,  but  experimental 
verification  has  not  been  attempted. 

It  was  concl ude dthat  the  application  of  the  JIVKB 
approximation  to  obtain  a solution  of  the  equations  which 
describe  the  diffraction  of  light  by  a holographic  lens 
was  successful.  An  equation  for  the  diffraction  efficiency 
in  terms  of  the  apriori  characteristics  of  (1)  the  exposure 
conditions,  (2)  the  holographic  recording  material  parameters, 
(3)  the  construction  geometry,  (4)  the  processing  effects, 
and  (5)  the  reconstruction  geometry.  The  theory  provides  a 
basis  for  the  capability  to  perform  a holographic  lens 
design  starting  with  the  desired  operational  characteristics 
of  the  lens  and  ending  up  with  the  proper  construction 
conditions,  exposure  conditions,  and  recording  material 
parameters  required  to  make  the  lens. 
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INTROmun  iON  TO  Tin:  THhOkY  OF  Till;  llOLOGRAI'll  1 C l.HN'S 


A.  Sotting^  the  Perspective  - The  Holographic  Lens 

A holographic  lens  is  a diffraction  grating  created  by 
the  holographic  process  expressly  for  use  as  a lens  in  an 
optical  system.  The  holographic  lens  is  formed  b >•  the  exposure 
of  a plioto-sensitive  recording  material  to  the  interference 
intensity  pattern  or  a spherical  wave  ;the  object  wave)  and 
another  plane  u t spherical  wave  (the  reference  wave).  T h e 
pho t o - s en s i t i ve  material  is  developed  and  processed  after 
exposure  to  become  a holographic  lens. 

The  recorded  fringe  structure  present  in  the  hologram 
acts  as  a three  dimensional  diffraction  grating.  ihe 
diffraction  efficiency  of  a holograpliic  lens  is  the 
ratio  of  power  diffracted  into  the  o f J e c t wave  measured  at 
the  output  surface  of  tlie  hologram  to  the  power  in  the  recon- 
struction wave  incident  upon  the  input  surface  of  the  hologram 
( Ref.  57). 

Modern  holographic  lenses  have  diffraction  efficiencies 
as  liigh  as  P5"6  and  offer  several  unique  features  in  optical 
designs  over  conventional  optical  elements  (i.e.,  refractive 
or  reflective  optics  composed  of  planar  or  spherical  surfaces). 
For  example,  a conventional  convex  refractive  lens  causes 
an  incident  plane  wave  propagating  parallel  to  the  optical 
axis  of  tlie  lens  to  be  brought  to  a focus  at  a focal 
point  on  the  optical  axis.  The  it o 1 o g r p h i c lens  has  t It e 
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advantage  tliat  the  focal  point  need  not  lie  on  the  optical 
axis  as  shown  in  figure  1. 


Figure  1.  Comparison  of  Conventional  Lens  to  Holographic  Lens 

In  order  to  accomplish  the  same  off-axis  focal  point  design 
with  conventional  optics,  an  additional  reflective  surface 
or  refractive  prism  would  be  required.  Therefore,  the 
capability  to  design  optical  systems  using  off-axis  holographic 
lenses  is  a significant  advantage  if  small,  compact,  short 
focal  length  optical  systems  are  of  concern. 

The  holographic  lens  possesses  a greater  chromatic 
dispersion  than  a conventional  refractive  lens  because  of 
its  diffractive  nature.  Consequently,  the  holographic  lens 
acts  as  a chromatic  filter  bringing  to  focus  only  light 
in  a very  narrow  spectral  region.  This  is  an  important 
consideration  if  the  reduction  of  undesired  background 
radiation  is  a design  goal  or  if  a simple  spectral  analysis 
of  the  collected  light  is  of  importance. 
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B . r h o P r o b 1 c m 

In  order  to  design  a conventional  optical  system, a 
knowledge  of  the  reflection,  refraction,  and  transmission 
laws  of  geometrical  optics  is  rec{uired.  Based  on  these  laws, 
the  direction  of  the  light  rays  may  be  traced  throughout  tlie 
optical  system  and  the  optical  efficiency  of  each  ray  may 
be  determined  from  the  transmission  and  absorption  properties 
of  the  optical  elements  of  the  system.  From  this  knowledge 
an  optical  system  design  is  determined.  The  situation  is 
not  as  simple  in  the  case  of  holographic  optics.  In  this 
case  the  propagation  of  rays  through  the  optical  system 
is  based  upon  the  laws  of  diffraction  which  are  more 
difficult  to  apply. 

It  is  often  a matter  of  trial  and  error  to  design  the 
appropriate  holographic  lens  for  a specific  application 
because  of  deficiencies  in  our  present  capability  to 
theoretically  determine  the  hologram  diffraction  efficiency. 
Two  parameters  are  required  in  order  to  ray-trace  design 
and  determine  the  optical  efficiency  of  a holographic  lens 
system;  (1)  the  direction  of  the  ray,  and  [2)  the  transmission 
of  that  ray  through  each  lens  of  the  system.  The  direction  of 
the  ray  is  determined  by  Snell's  Law  and  the  local  Bragg 
conditions  of  the  ray.  The  transmission  of  the  ray  is 
determined  by  the  diffraction  efficiency  of  the  ray  at  its 
coordinates  on  each  holographic  lens.  What  is  lacking  is 
an  accurate  theory  for  determining  the  diffraction  efficienc)’ 
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of  :i  7-av  at  a >>ivcn  position  on  the  hologram  in  terms  of  the 
original  exposure,  construction  geometry,  recording  material 
parameters,  and  the  reconstruction  conditions. 

It  is  the  purpose  of  this  work  to  determine  the  diffrac- 
tion efficiency  of  a holographic  lens  in  terms  of  the  original 
exposure,  construction  geometry,  recording  material  para- 
meters, processing  effects,  and  reconstruction  geometry. 

This  allows  not  only  an  increased  capability  to  design  a 
holographic  lens,  but  the  exposure  level,  the  material  para- 
meters, and  the  construction  geometry  necessary  to  produce 
that  lens  can  be  determined.  A knowledge  of  these  constraints 
will  allow  an  assessment  to  be  made  of  the  practicability 
of  the  lens. 

C . Background 

Previous  theories  relating  to  the  determination  of  the 
diffraction  efficiency  of  a hologram  abound,  but  they  are 
sufficiently  general  and  limited  in  their  applicability  that 
practical  assessments  of  hologram  diffraction  efficiency 
based  upon  these  theories  are  not  possible.  A detailed  review 
of  previous  diffraction  theories  for  the  hologram  is 
contained  in  Chapter  II.  This  section  contains  a discussion 
of  the  limitations  and  oversights  of  these  theories.  These 
deficiencies  are:  (1)  the  spherical  nature  of  the  construction 

and  reconstruction  waves,  f2)  the  relationship  of  the 
diffraction  efficiency  to  the  exposure  level  and  construction 
geometry,  (.1)  the  change  in  emulsion  thickness,  optical  index. 
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and  absorption  coefficient  due  to  development  processes, 

(4)  the  polarization  of  the  construction  and  reconstruction 
waves,  (5)  the  reconstruction  wave  vector  being  out  of  the 
plane  of  incidence  of  the  construction  wave  vectors,  (61 
the  absorption  of  the  construction  waves,  and  (7)  the 

! 

saturation  of  the  photo-sensitive  response  of  the  recording 

material  to  exposure.  ' 

i 

1.  Spherical  Wave  Effects.  The  holographic  lens  is 
formed  by  at  least  one  spherical  wave  (the  object  beam) 
and  one  plane  or  spherical  wave  incident  upon  the  recording 
material  during  the  construction  process.  Often  the 
spherical  object  wave  is  formed  by  diffraction  through  a 
pin  hole  located  very  close  to  the  recording  material 
plate.  Therefore,  the  interference  pattern  which  illuminates 
the  plate  during  construction  possesses  a curvature  of 
field  and  varies  in  intensity  across  the  surface  of  the  plate 
and  with  depth.  A holographic  lens  is  not  composed  of 
linear,  periodic,  planar,  uniform,  fringes  as  a consequence. 

For  this  reason,  previous  theories  which  assume  planar- 

sinusoidal  gratings  for  the  hologram  are  only  applicable  on  i 

alocalizedbasis.  ; 

In  a holographic  lens  one  cannot  assume  plane  waves. 

Spherical  object,  reference,  and  reconstruction  waves  must 
be  considered  which,  of  course,  should  reduce  to  the  plane 

i 

wave  case  if  the  radius  of  curvature  is  large  or  if  one  is 

i 

sufficiently"localized".  j 
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2 . Re lation  to  exposure  levc]  and  construction  geometry. 

No  previous  theories  have  related  the  final  hologram 
diffraction  efficiency  to  the  original  exposure  level  and 
construction  geometry.  Most  theories  relate  back  to  the  ab- 
sorption modulation  and  index  modulation  in  the  hologram, 

but  contain  no  information  as  to  how  this  modulation  was 
created.  Therefore,  the  calculation  of  the  diffraction  ef- 
ficiency based  upon  these  theories  cannot  be  related  to  the 
exposure  and  construction  conditions.  Consequently,  the 
practicability  of  the  construction  of  a hologram  design 
cannot  be  assessed. 

3 . Changes  in  the  emulsion  due  to  development. 

Effects  upon  the  holographic  recording  material  due  to  processing 
.j  have  not  been  addressed  in  previous  published  theories. 

, If  the  recording  material  is  a photographic  emulsion,  for 

example,  expansion  or  shrinkage  of  the  emulsion  during 
processing  changes  the  thickness  and  orientation  of  the 
■ holographic  diffraction  grating  fringe  structure  upon 

. reconstruction.  In  addition,  the  bulk  refractive  index 

I 

'(  and  absorptance  of  the  photographic  emulsion  usually 

■ changes  during  processing  due  to  fixing,  Itardenirig,  and  the 

• I 

* I 

. removal  of  photochemical  compounds.  It  may  be  inferred  from 

I 

these  effects  that  the  reconstruction  of  the  object  from  the 
original  reference  beam  coordinates  cannot  be  optimum. 

Ihese  effects  must  be  included  in  any  practical  theory. 
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4 . Polarization  of  tlie  reconstruction  and  construction 
waves . The  polarization  of  the  construction  beams  must 

be  considered,  since  only  parallel  components  will  interfere 
during  the  construction  process.  The  optical  index  modulation 
depth  will  be  dependent  upon  the  polarization  of  the  object 
and  reference  beams.  Also,  the  polarization  of  the 
reconstruction  wave  must  be  considered  in  order  to  accurately 
predict  the  diffraction  efficiency  of  the  holographic  process. 

5 . Reconstruction  out  of  the  original  plane  of  incidence . ; 

The  fact  that  the  reconstructionwave  vector  is  not  ; 

'j 


necessarily  in  the  plane  of  incidence  of  the  original 
construction  wave  vectors  needs  to  be  considered  theoretically. 
This  has  been  a limitation  in  all  previous  published 
theories.  Certainly,  this  is  a severe  limitation  in  terms 
of  holographic  lens  design  and  it  needs  to  be  corrected. 

6.  The  absorption  of  the  construction  waves.  According 
to  the  photochemical  law,  known  as  the  Grathus-Draper  Law, 
radiation  must  be  absorbed  by  any  system  to  produce  a 
photochemical  reaction  in  that  system  (Ref.  33).  In  all 
photochemical  processes  used  in  holography,  that  absorption 
is  quite  strong  (e.g.,  50%  absorption  in  films  of  15a 
thickness).  Therefore,  the  absorption  of  the  construction 
beams  during  the  original  construction  process  is  very 
important.  The  absorption  leads  to  a decrease  in  both  the 
bulk  optical  index  and  the  optical  index  modulation  with 
depth  in  the  processed  hologram.  Therefore,  the  characteristics 
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of  the  surrounding  optical  index  and  the  coupling  efficiency 
of  the  hologram  are  variable  and  decrease  with  depth  into 
the  emulsion.  Indeed,  the  processed  hologram  is  inhomogeneous. 
The  same  effects  occur  for  the  absor[)tion  and  absorption 
moduation  of  the  hologram. 

The  absorption  of  the  construction  waves  must  be 
accounted  for  by  any  accurate  theory  of  hologram  diffraction 
efficiency.  It  will  be  seen  that  this  effect  leads  to  a 
set  of  coupled  differential  equations  which  have  variable 
coefficients  . 

7.  Saturation  of  emulsion  response.  Saturation  effects 
are  of  importance  also.  In  any  photochemical  process 
there  is  a photo  sensitive  substance  in  limited  quantity 
(usually  <10%  by  volume),  which  is  typically  homogeneously 
suspended  in  an  emulsion.  If  the  incident  light  is  of 
sufficient  stregnth,  the  substance  is  exhausted  by  the 
continuous  photon  absorption  and  any  further  exposure  is  of 
little  consequence.  Also,  the  index  modulation  may  saturate 
due  to  physical  process,  as  in  dichromated  gelatin.  The 
saturation  effect  must  be  considered  in  any  event. 

In  short,  the  effects  listed  above  have  not  in 
totality  been  considered  by  any  single  previously  published 
theory  of  holographic  diffraction.  Bits  and  pieces  of  .uany 
of  these  effects  have  been  addressed  by  various  workers  using 
a variety  of  unrelated  approaches  as  is  discussed  in  the  next 
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chapter.  llic  totality  of  these  effects  must  be  aJJress>,a 
1 It  a unified  t h e o r y . 

No  theory  exists  such  tit  at  in  [i  fact  ice  one  can  predict 
the  absolute  diffraction  efficiency  at  a giten  |)oint  on  tlie 
surface  of  a holographic  lens  from  the  knoKii  c li  a r :i  c t e r i .s  t i c s 
of  the:  ll)  exposure  conditions,  (2)  tile  emulsion  parimeteis, 

and  ( i the  reconstruction  conditions.  I'  h e p u r p f)  s e of 
this  work  is  to  provide  a simple  analytical  solution  which 
can  accurately  predict  the  efficiency  of  a holographic  lens 
based  on  measurable  exposure,  emulsion,  and  reconstruction 
parameters.  The  approach  is  discussed  in  the  next  section. 

n . Possible  .Approaches 

n y approach,  of  necessity,  would  start  from  .’>1  a x w c 1 1 ' s 
equations  since  these  are  the  equations  which  descirbe 
the  diffraction  of  light.  From  them,  one  may  proceed  in 
two  directions  in  order  to  cti  leu  late  the  electric  field 
amplitude  of  the  diffracted  light,  (1)  to  an  integral 
equation,  or  (2)  to  a differential  equation.  Both  represent 
solutions  to  the  same  problem. 

The  differential  equation  approach  yields  the  well 
known  wave  equation  and  ultimately  the  set  of  two  couplvd- 
wave  equations  as  derived  by  Kogclnik  (Ref.  21).  'file 
equations  in  that  form  allow  for  full  depletion  of  t li  e 
incident  liglit  and  have  previously  been  successful  when 
applied  to  the  ideal  sinusoidally  modulated,  diclecti'ic 
grating  (Ref.  21). 
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The  wave  equation  may  lie  ehanjieU  to  an  integral  equation 
using  (.'ireen's  functions  or  lourier  I' r an  s f o r ms  . These  integral 
equations  usually  are  solved  hy  an  approximation  technique, 
such  as  the  first  Born  approximation,  which  r e (j u i r e s 
weak  depletion  of  the  incident  light  as  a limiting 
assumption.  Tiiis  limitation  clearly  does  not  apply  to 
modern  holographic  dements  for  which  as  much  as  95%  of  the 
i n c i d e n t light  is  depleted. 

The  scattering  theory  developed  by  Williamson  overcame 
this  limitation  ofthe  integral  equation  approach  by 
considering  the  mulsion  as  a volume  of  small,  similar,  single 
p.irticle  scatterers  which  have  a jirobability  density 
tu notion  related  to  the  original  exposure  intensity.  The 
integral  equation  for  the  total  scattered  field  became  the 
three-dimensional  integral  sum  of  the  contributions  to 
tlie  total  field  of  each  individual  dipole  scatterer. 

Since  the  contribution  of  each  scatterer  was  identical 
except  for  phase,  and  since  the  phase  was  dependent  upon 
a coordinate-separable,  periodic,  position  probability 
density  function,  the  three-d-mensional  integral  was 
separated  into  the  product  of  three  ordinary  integrals 
which  w^re  evaluated  using  the  Array  Theorem.  Thv'  result 
was  shown  to  be  equivalent  to  that  of  the  Kogelnik  coupled 
wave  solution  for  a specific  range  of  particle  sizes  (Ref.  44). 
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1 h o r c.'  f o r e , both  the  integral  equation  approach  and  the 
differential  equation  approach  to  the  solution  of  the  wave 
equation  have  been  successful  when  applied  to  the  ideal, 
sinusoidally  modulated,  dielectric  grating.  This  being  the 
case,  the  choice  between  the  two  approaches  rests  upon 
matters  related  to  familiarity  of  mathematical  techniques. 

E.  Choice  of  Approach 

Ihe  differential  equation  approach  was  chosen  as  a 
basis  for  analyzing  holographic  diffraction  in  this 
dissertation.  A set  of  two  coupled  wave  equations  with 
variable  coefficients  was  derived  and  shown  to  be  applicable 
to  the  diffraction  of  light  by  a holographic  lens.  Ihe 
choice  of  the  differential  equation  approach  was  made  because 
of  the  applicability  of  the  .JWKB  approximation  to  the 
solution  of  the  equations  in  differential  form. 

F . An  Overview 

The  main  body  of  this  report  is  devoted  to  a 
derivation  and  evaluation  of  the  results  of  the  JWKB 
approximation  solution  to  the  set  of  two  coupled  wave 
equations  which  describe  holographic  diffraction.  An 
integral  equation  technique  using  Green's  functions  is 
presented  for  comparison  in  Appendix  G. 

The  analysis  is  sufficiently  general  and  unified  to 
permit  the  determination  of  the  diffraction  efficiency  of  a 
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holograpliic  lens  for  the  totality  of  the  cases  in  wliich  the 
limitations  of  previous  theories  have  precluJed  the  c a 1 c u 1 a t i o ri  . 

A detailed  review  of  previous  hologram  diffraction  theories 
and  their  assumptions  and  li mi  at  ions  is  presented  in 
Chapter  11.  Cha]Uer  111  contains  a derivation  of  a set 
of  two  coupled  wave  ei{uaiions  for  the  holographic  lens. 

In  Chapter  I\',  these  equations  are  reduced  to  a single 
second  order  differential  equation  to  which  the  JIVKB 
approximation  is  applied.  Ihis  results  in  a general 
solution  to  the  holographic  lens  diffraction  problem. 

Specific  boundary  conditions  for  a t r a n s m i s s i on  and  a 
reflection  hologram  are  applied  and  a comparison  is  made  to 
previous  theories.  An  evaluation  of  the  theory  for  a trans- 
mission hologram  and  a comparison  to  experimental  results 
is  contained  in  Chapter  V.  It  is  shown  that  the  theory 
accurately  predicts  experimental  results  for  which 
previous  theories  have  not  been  sufficiently  general  to 
explain.  Conclusions  and  recommendations  are  in  Chapter  \I. 
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kliVIlilV  OF  Tin:  statf:  oi-  tiif  art  in  hologram  diffraction 

TIIFORY 

a g o o 1.1  I'  e V i o w of  the  state  of  the  art  of  the  diffraction 
theory  of  hoiogram.s  is  given  by  Kogelnik  (Ref.  21).  Tliis 
ciiapter  summarizes  Kogelnik's  review,  with  additions  to 
include  more  recent  work. 

Leith  (Ref.  30)  and  others  analyzed  the  effect  of  emulsion 
thickness  on  the  optical  characteristics  of  the  reconstructed 
image.  The  sensitivity  of  the  image  to  changes  in  the  recon- 
struction wave  vector  angle  of  incidence  and  in  the  recon- 
struction beam  wavelength  was  determined  from  the  scalar 
Kirchhoff  diffraction  integral.  A first-order  perturb a tional 
approach  was  used  in  which  the  diffraction  integral  was 
reduced  to  a line  integral.  This  integral  was  integrated 
along  a straight  lino  of  continuous  scattering  centers.  It 
was  shown  that  the  integral  solution  was  equivalent  to  a 
first-order  solution  of  the  wave  equation  by  a discrete 
expansion  in  plane  waves  at  the  Bragg  frequency.  Fxperiraental 
verification  of  these  predictions  was  also  published,  but 
b '•  1 no  information  about  the  diffraction  efficiency  was  obtained. 

^ GaborandStroke  (Ref.  15)  solvedthewaveequationin 

a periodic  emulsion  possibly  formed  by  the  interference  of 
plane  waves,  (i.e.,  a holographic  grating)  by  using  Green's 
functions  to  yield  an  integral  equation.  They  obtained  a 
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first-order  solution  by  using  the  first  Born  approximation. 

This  yielded  interfering,  secondary,  scattered,  spherical 
wave  Lets  from  which  the  angular  and  wavelength  sensitivity 
of  the  hologram  was  investigated. 

The  theory  of  Gabor  and  Stroke,  as  well  as  Leith's, 
yielded  no  diffraction  efficiency  information  because  of 
the  basic  assumption  that  the  incident  light  was  weakly 
depleted  by  the  diffraction  process.  For  high  diffraction 
efficiencies  (>95%)  observed  in  modern  holograms,  the 
incident  wave  is  strongly  depleted  and  theoretical  approaches 
which  allow  for  incident  wave  depletion  are  required. 

One  such  approach  is  to  use  the  electronic  computer  to 
solve  the  relevant  electromagnetic  equations  accurately. 
Burckhardt  (Ref.  3 and  4)  has  done  this  for  the  diffraction 
of  a plane  wave  from  a sinusoidally  stratified  dielectric 
material  by  an  expansion  in  plane  waves  after  a separation 
of  variables.  The  expansion  was  substituted  into  the  wave 
equation  which  yielded  an  infinite  set  of  coupled  wave  equations. 
By  truncating  this  set,  a matrix,  eigenvalue  problem  was 
obtained.  The  solution  was  presented  for  both  types  of 
electric  field  polarizations.  It  was  shown  that  the 
amplitude  of  the  diffracted  wave  has  a maximum  if  the 
reconstruction  beam  is  at  the  Bragg  angle.  The  amplitude  of 
the  first-order  diffracted  wave  was  computed  as  a function  of 
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tiologram  thickness  and  dielectric  modulation  depth.  It 
was  shown  that  diffraction  efficiencies  of  100^  are  possible 
for  the  correct  thickness  and  dielectric  modulation  depth. 

This  was  possible  because  the  theory  ignored  losses. 

The  basis  of  the  Burckhardt  approach  is  similar  to  the 
generalized  theory  of  Raman  and  Nath  on  the  ultrasonic  diffraction 
of  light  (Ref.  38  and  39).  An  excellent  modern  review  of 
ultrasonic  diffraction  if  given  by  Klein  and  Cook  (Ref.  20). 

Many  authors  (Ref.  21,  3,  4,  8,  9,  10)  have  solved  the  problem 
of  the  holographic  grating  by  using  the  Raman-Nath  approach. 

In  these  cases,  the  wave  equation  is  solved  by  expanding  the 
electric  field  in  the  medium  in  an  infinite  sum  of  plane 
waves  which  have  phase  terms  which  are  spatial  frequency 
harmonics  of  the  Bragg  frequency.  Each  harmonic  corresponds 
to  a Fraunhoffer  diffracted  order  and  the  approach  leads  to 
a truncated  set  of  coupled  linear  differential  equations. 

In  all  cases  the  equations  apply  to  a dielectric  holographic 
grating  (possibly  lossy)  consisting  of  fringes  which  might 
have  been  formed  originally  from  plane  waves  and  illuminated 
by  plane  waves  upon  reconstruction. 

If  two  of  the  wave  equations  considered  in  the  Raman- 
Nath  approach  are  kept,  it  is  called  coupled  wave  theory  and 
analytical  soultions  are  possible.  Kogelnik  (Ref.  21)  used 
coupled  wave  theory  to  predict  the  first-order  diffraction 
efficiency  of  an  ideal,  lossy,  sinusoidal  dielectric  grating. 
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I h i s is  the  classic  paper  on  the  theory  of  dielectric  gratings 
and  explains  the  sensitivity  of  hologram  diffraction  efficiency 
to  changes  in  the  angle  of  incidence  of  the  reconstruction  wave 
vector  and  in  the  wavelength  of  the  reconstruction  wave. 

The  diffraction  efficiency  is  related  to  the  refractive  inde.x 
modulation  and  absorption  modulation  of  the  hologram. 

In  the  Kogclnik  theory,  only  two  significant  light  waves 
.are  assumed  to  exist  in  a sinusoidally  modulated  medium,  an 
incoming  wave  and  an  outgoing  wave.  The  assumption  that  these 
waves  approximately  obey  the  Bragg  condition  limits  the 
validity  of  the  theory  to  thick  holograms.  The  electric 
field  at  any  point  in  the  emulsion  is  taken  to  be  the  linear 
sura  of  the  electric  field  of  the  two  waves.  This  sum,  when 
substituted  into  the  wave  equation,  >ields  two  coupled  second- 
order  differential  equations  which  are  linearized  and 
solved  in  closed  form  for  the  diffracted  field  amplitude. 

The  resulting  general  expression  is  valid  for  all  types 
of  thick,  ideal,  holographic  gratings  including  cases  of  off- 
Bragg  incidence,  of  lossy  gratings,  and  of  slanted  fringes. 

This  classic  theory  is  a simple  technique  to  predict  the 
intensity  and  direction  of  the  diffracted  wave  provided 
certain  conditions  and  assumptions  hold.  These  are: 

(1)  near-Bragg  angle  incidence  of  monochromatic  plane  waves 
polarized  perpendicular  to  the  plane  of  incidence  of  the 
original  object  and  reference  beams,  (2)  the  hologram  fringes 
lie  in  a plane  perpendicular  to  the  plane  of  incidence 
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in  the  plane  of  iiu'iilence,  aiul  (31  the  medium  in  Vvh  i eh  the 
waves  propagate  has  a sinusoidally  modulated  wave  propagation 
e oust  ant.  \'o  mention  was  made  as  to  how  these  assumptions 
are  met  in  practice. 

Carrying  the  coupled  wave  ap]iroach  one  step  further,  Chang 
and  Cieoi'ge  (Ref.  8,  9,  101  solved  four  second-order  coupled 

wave  equations  (via  a computi'rl  in  order  to  consider  holograms 
which  were  loo  thin  to  meet  the  Bragg  c o n d i t i o n , so  that  two 
coupled  waves  were  no  longer  .accurate.  They  solved  for  the 
2ero,  first,  and  second-order  diffracted  field  amplitude 
via  the  Raman-.\ath  formalism  modified  for  lossy  dielectric 
periodic  gratings.  Grajihs  were  prepared  showing  the  diffraction 
ei'ficiency  into  t )i  e first-order  versus  the  index  modulation 
tor  a range  of  tliickncsscs  and  losses.  Experimental  results 
V e r i t'  i c d the  theory. 

Recently,  Su  and  Gaylord  (Ref.  41)  have  extended  the 
coupled  wave  approach  to  a method  for  determining  the 
arbitrary-order  diffraction  efficiency  of  thick,  lossless 
t r.ansmi  ss  i on  gratings  with  arbitrary  periodic  grating  shapes. 
That  is,  their  work  covers  idealistic  analytical  grating  such 
as  saw-tooth  gratings  ( n o n - s i mi  .s  o i d a 1 but  still  periodic). 

Ihe  fringe  planes  were  assumed  to  be  perpendicular  to  the 
plane  of  incidence. 
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Also,  Uchida  (Ref.  43)  has  analyzed  a sinusoidal  grating 
with  an  index  modulation  that  exponentially  decreases  along 
the  direction  perpendicular  to  the  grating  vector  using 
Kogelnik's  coupled  wave  theory.  The  general  solutions  of 
the  coupled  waves  were  given  for  transmissive  and  reflective 
holograms.  The  solutions  were  compared  to  the  Kogelnik  case 
in  which  the  index  modulation  was  a constant.  Kermish 
has  also  derived  the  expression  for  the  diffraction  efficiency 
of  a grating  with  a decreasing  exponential  index  of  refraction 
(Ref.  19).  These  derivations  were  only  valid  at  Bragg 
angle  reconstruction. 

Latta  (Ref.  26,  27,  28)  has  used  Kogelnik's  results  to 

formulate  a computer  based  analysis  of  thick,  periodic 
holograms  using  ray  tracing.  This  program  allows  for  the 
direction  and  relative  phase  of  any  ray  to  be  calculated. 
Further,  the  program  analyzed  up  to  5th-order  aberration 
effects  of  holographic  optical  elements.  The  program  uses 
the  Kogelnik  theory  to  compute  the  diffraction  efficiency, 
hence,  it  is  limited  to  the  same  constraints  as  that  theory. 

Williamson  (Ref.  44),  and  to  some  extent  Matthews  (Ref.  3 
and  Chang  and  George  (Ref.  8,  9),  have  considered  the 
emulsion  as  a volume  of  small,  similar,  single  particle 
scatterers  (i.e.,  radiating  dipoles)  with  a phase  relationship 
dependent  upon  their  spatial  relation  to  the  reconstruction 
beam.  Williamson  assumed  the  position  of  each  particle  was  a 
random  variable  with  a three-dimensional  probability  density 
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function  of  the  same  form  as  the  intensity  pattern  tiiat  was 
recorded  durin};  the  exposure.  Ilis  work  holds  rigorously 
only  for  planar  fringes  for  which  the  probability  density 
for  the  position  of  a s c ;x  1 1 c r e r after  processing  is  coordinate 
separable.  In  such  a case,  the  total  scattered  field  is  the 
product  of  the  throe  coord  in. ate  integrals  from  a linear 
array  of  scatterers  along  each  coordinate.  Provided  the 
effects  of  particle  size  are  not  impoi'tant,  the  solution  is 
equivalent  to  the  Kogelnik  results.  The  technique  is  more 
powerful  in  that  mu  1 1 i p 1 e - e xpo su r e s arc  more  easily  considered. 
Also,  the  scattering  theory  approach  allows  for  the  first 
time  the  direct  inclusion  of  film  parameters  into  the  tlicory. 

Case  (Ref.  5)  has  extended  the  coupled  wave  diffraction 
theory  to  include  double  exposure  liolographic  gratings  for 
the  geometry  in  which  the  two  gratings  have  a common  central 
Bragg  angle.  This  theory  involves  the  solution  of  three- 
coupled  wave  equations.  Saturation  of  the  index  modulation 
response  to  exposure  is  included  in  t h i .s  theory  and  exper  i men  t .a  1 
measurements  of  this  response  for  dichrom.ited  gelatin  holograms 
were  obtained. 

Tlie  method  of  thin-grating  decomposition,  based  upon 
concepts  used  in  coherent  optics  to  treat  propagation  in 
discrete  systems,  was  used  by  A1  fern  ess  as  an  approach  to  the 
wave  propagation  in  periodic  modulated  media  (Ref.  11.  In 
this  method,  thin  gratings  were  used  as  building  blocks  in 
order  to  determine  the  response  of  thicker  gratings. 
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Ihc  approach  was  similar  to  that  of  IVilliamson.  In  t ii  c IV  i 1 1 i arns  on 
theory,  the  building  block  was  the  diffracted  field  amplitude 
from  a single  particle,  in  t !i  c M f e r n e s s t h c o r y t li  e building 
block  was  the  d iff raced  field  amplitude  of  a thin  grating. 

As  a consequence,  the  Alfcrncss  theory  of  t h i n - g r a t i n g 
decomposition  was  limited  to  planai-  fringes.  The  concept 
of  propagation  in  a medium  with  non-iiniform  modulation 
was  treated  as  a sequence  of  thin  gratings  each  having  a 
constant,  but  slightly  different,  index  modulation. 

R e c e n t 1 , K o g e 1 n i k has  a n a 1 y ::  c d the  w a v e 1 o n g t li  selectivity 

of  reflection  gratings  that  have  a slowly  varying  modulation 
or  fringe  spacing  (Ref.  22).  llis  intent  was  to  determine 
modulation  profiles  that  cause  suppression  of  the  high 
sidelobes  characteristics  of  reflection  gratings.  Such 
suppression  is  significant  in  applications  in  which  wavelength 
rejection  is  a consideration,  lie  showed  that  the  coupled  wave 
equations  reduce  to  a single  non-linear  Riccati  equation  which 
must  be  evaluated  numerically. 

In  conclusion,  it  can  be  said  that  all  published 
theories  of  holographic  diffraction  to  date  have  been  limited 
in  their  applicability  to  describe  the  total  li  o 1 o g r a p h i c 
p roc  ess. 

Some  theories  have  addrc.ssed  non-uniform  modulation 
fRcf.  1.1,  19,  22),  but  these  theories  have  not  related  this 

non-uniform  index  modulation  to  the  construction  geometry 
or  to  the  absorption  in  real  photographic  m.itcrials. 


AKAI,-TK-T6-270 


Other  theories  have  addressed  the  polarization  of  the 
construction  and  reconstruction  wave  (Ref,  22,281,  but 
these  theories  have  been  limited  to  plane  of  incidence 
recon s t rue t i on . Also,  the  relationship  of  the  polarization 
of  the  diffracted  light  to  the  incident  wave  polarization 
and  wave  vector  has  not  been  addressed  by  these  theories. 

Chang  and  Case  have  addressed  the  saturation  effects  in 
dichromated  gelatin,  but  have  not  included  the  effects  of 
non-uniform  index  modulation  (Ref.  6,  5).  No  theory  has 
addressed  the  inhomogeneity  of  the  bulk  refraction  index 
in  holograms  made  from  materials  like  bleached  silver 
halide  emulsions. 

Williamson  has  been  the  only  author  that  has  attempted 
to  relate  the  diffraction  efficiency  to  the  photographic 
properties  of  the  emulsion,  the  construction  geometry, 
and  exposure  level.  However,  his  theory  was  limited  to 
planar  fringes  because  of  his  use  of  the  array  theorem 
(Ref.  44). 
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CHAl'TKR  III 

GHNHRAI,  TfiliORV  OF  TIIH  HOLOGRAPHIC  LP.NS 

The  ilerivation  of  a set  of  two  coupled  wave  equations 
which  describe  the  propagation  of  the  diffracted  light  within 
a holographic  lens  is  presented  in  this  chapter. 

The  derivation  starts  with  the  vector  wave  equation 
for  an  inhomogeneous,  isotropic  medium.  The  electric  field 
amplitude  within  the  medium  is  taken  to  he  the  linear  sum 
of  the  individual  electric  field  amplitudes  of  the  Fraun- 
h offer  diffracted  orders.  This  sum  is  substituted  into  the 
vector  wave  equation  and  results  in  an  infinite  set  of 
coupled  wave  equations.  A.  justification  for  the  truncation 
of  this  infinite  set  of  coupled  wave  equations  to  a set 
of  only  two  coupled  wave  equations  is  given.  These  two 
simultaneous,  linear,  first-order  partial  differential 
equations  with  variable  coefficients  are  solved  in  Chajiter  IV 
using  the  JWKB  approximation. 

A . Derivation  of  the  Coupled  Wave  Equations 

The  processed  holographic  lens  medium  is  considered  to 
be  locally  isotropic,  inhomogeneous,  and  non -magnetic.  It 
is  isotropic  because  any  stresses  or  strains  present  in  the 
holographic  recording  medium  are  relieved  by  the  processing. 
Although  it  is  recognized  the  photochemica  1 ly  induced 
stresses  and  strains  are  in  large  part  responsible  for  the 
formation  of  cracking  along  fringes  in  dichromated  gelatin, 
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it  is  assumed  that  this  process  docs  not  induce  any  bulk 
ant  isotropy  (Kef.  11).  The  medium  is  i n homo egn eons  since 
the  bulk  optical  index  and  t li  e index  modulation  decrease 
with  depth  through  the  emulsion. 

The  time  independent  wave  equation  for  mono  chroma  tic- 
light  in  such  a medium  is  given  by 

V2i?(r)+k’  (r)E(r)+^('5p.n  c(r)  •l?(r)=0 

and  the  wave  propagation  coefficient,  k{r),  is  defined  by 
the  equat  ion 


I 

i 


I 

I 

i 


I 

I 
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f-±s_£  (rjj^ 


10  a (r) 
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and  E(r)  is  the  electric  field  amplitude  in  the  medium. 
e(r)  and  o(r)  are  respectively  the  dielectric  constant  and 
the  conductivity  of  the  medium.  The  coordinate  system, 
geometrical  conventions,  physical  units,  and  the  derivation 
of  Eqs  (1)  and  (2)  from  Maxwell's  equations  are  presented 
in  Appendix  A. 

The  first  two  terms  in  Eq  (1)  represent  a description  of 
wave  propagation  according  to  the  laws  of  geometrical  optics 
and  scalar  diffraction  theory.  The  third  term  describes  the 
effects  upon  wave  propagation  of  polarization  and  is 

-V 

significant  if  V{.nc(r)  is  of  the  order  of  k (r)  . This  occurs 
in  regions  of  high  optical  index  gradients  or  near  edges. 


2T 


AFAL-TR-Y6-270 


In  the  next  few  paragraphs,VilnE(r)  is  shown  to  be  of  little 
significance  in  a holographic  medium. 

The  polarization  term  is  small  compared  to  the  other 
terms  and  will  be  ignored.  The  justification  of  that 
statement  is  based  upon  the  fact  that  the  maximum  variation 
in  the  dielectric  constant  occurs  from  fringe  to  fringe. 

If  the  slower  gross  variations  in  dielectric  constant 
with  position  are  ignored  temporarily,  the  dielectric 
constant  for  an  ideal  sinusoidal  hologram  as  derived 
by  Kogelnik  is  valid  (Ref.  21).  It  is  given  by 

e(r)=e^  + eicosj)(r)  (3) 

] 

where  is  the  average  bulk  dielectric  constant, is  the 
' amplitude  of  the  dielectric  modulation  and  P(r')  is  the  phase 

difference  between  the  object  and  reference  waves  in 
construction.  It  is  assumed  that  Taking  the 

natural  logarithm  of  Eq  (3)  one  obtains 

j S,nE  (r ) = ene^ +f.n  ( 1+  — cos(>(r))  (4) 


since  Ej<<e^,  the  approximation  {.n(l+x)-x  for  x<<l  is  valid 
and  Eq  (4)  becomes 
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I'horet'ore,  the  yrajiciit  of  Jim  (r)  appearing  in  Iq  (IJ 
is  give n b y 

f.  n . ( r ) - — s i n ( *)  ( r ) ) V ( r ) f 6 J 

o 

The  polarization  term  in  ii q (1)  can  safely  be  ignored,  if 

^ n ■ ( r ) 

<<1  (7) 

k(r) 

riie  CO  nd  uc  t i V i t y,  o , representing  the  losses  in  the 
processed  hologram,  appearing  in  I; q (2)  , is  small  for 
typical  holographic  materials  and  can  he  ignored  in  this 
analysis.  Therefore,  the  wave  propagation  coefficient 
determined  from  I:qs  (2)  and  (.3)  is 

k(r)  = [ 1 + Y — - cos  j'(r)]  (8  i 

3 

which  can  be  approximated  for  use  in  hq  (7)  since  j ^ ^ 


, . \ 2 r f £q 

k(r)- 


A 3 


(9) 


Substitution  of  Tqs  (6)  and  (9)  into  Eq  (7)  yields 


lVJ.iK(r)l  ^ A c 1 j.sln  ;-(r)  7i)(r)l 


k(r) 


Zr.{c  ) 3/2 
0 


(10) 
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using  t li  e fact  that 


1 sin  Hr)|  (11) 

.1  nd 

!vKr)|  = ik  (0|  - 1^.)  (12) 

Where  kis  the  fringe  wave  vector  normal  to  the  fringes  of 
the  hologram,  and  is  the  spacing  between  fringes,  the 

inequality  (10)  becomes 


^0  (13) 

<<  1 

o O 

I'he  minimum  value  of  is  ^Ao,  therefore,  Eq  (13)  in  the 
worst  case  is 


2 £1 
0 


(14) 


bq  (14)  is  always  true  for  holographic  materials  since 
£j<<£^  due  to  limitations  in  the  physical  processes  used  to 
modulate  the  dielectric  constant.  For  example,  the  most  highly 
modulatable  holographic  material  known  to  date  is  dichromated 
gelatin,  for  which  (Ref.  6,  7) 


‘■I  = .192 


(15) 
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a nd 


£ =2.25 

o 


(16) 


Based  upon  the  above  analysis,  the  third  term  in  Eq  (1) 
will  be  ignored  and  the  vector  wave  equation  becomes 


V2  E(?)+k2  (O  E(r)  = 0 


(17) 


The  electric  field  inside  the  emulsion,  as  a result 
of  tlie  superposition  principle,  is  take  to  be  the  linear 
sum  of  the  individual  complex  electric  field  amplitudes 
of  the  Fraunhoffer  diffracted  orders 


if  (r) 


E(r)  = I V^(r)e 
m= 


(18) 


6^  is  a unit  polarization  vector  of  the  mth  diffracted 


order  and  is  derived  in  Appendix  H.  V (r)  is  the  amplitude 

m 


of  the  mth  diffracted  wave  and  f is  the  associated  phase. 

m ' 


is  given  by  the  equation 


(19) 


4>(r)  is  the  phase  difference  between  the  object  and  reference 


waves  during  construction,  and  phase  of  the 


incident  reconstruction  wave. 

In  Appendix  B it  is  shown  that  the  wave  propagation 
coefficient,  k (r) , for  a holographic  lens  is  described 
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bv  the  equation 


k^(r)  = { r ) (r  ) cos  i (r  ) 


C20) 


for  which 


121) 


k2(?)  is  related  to  the  bulk  optical  index  of  refraction 
and  absorption  of  the  processed  emulsion,  k^(r)  is  related 
to  the'  depth  of  index  and  absorption  modulation  in  the 
processed  emulsion.  If  there  is  no  hologram,  then  kj=0. 
The  specific  equations  for  kj,  and  li(r)  are  in 
Appendix  B.  Substitution  of  Eqs  (18)  and  (20)  into 
Eq  (17)  yields 


■f  " 

Lm 


■ft  o. 

V e 

’ m “ 1 


'] 


^k^  (r)+k2  (r)cos  J)(r)j'[  ZV’n,  e’'^“enjj  = 


(22) 


The  terms  in  Fq  (22)  can  be  evaluated  individual!)' 
as  follows.  Expanding  the  first  term  yields. 


(25) 
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The  last  term  in  F ti  (23)  is  negligible  since  variations 
in  e^^^  witli  respect  to  position  are  small  because  the 
medium  is  isotropic.  Continuing  the  expansion  of  l;q  (2  3) 


yields 


(v„e^ 


V ' ''"I  ' ^ ^^’m  • '>m+  i ( V 2 ),„,+  i(V  f/  ) ] 


em  (24) 


where  second-order  gradients  of  amplitude  have  been  neglected, 
This  is  allowable  since  the  gradients  of  phase  are  large 
compared  to  gradients  of  amplitude. 

The  second  term  in  Fq  (22)  is  expanded  as  follows; 


i>  r i)>  -i|>  i ( 

k^IV  e "’e  + -A  i (e  +e  )V  e ""e 
2 m m m 2 m ^ ' m r 


1 p 1 ? r 

k^FV  e “e  + J;(e 
2 m m m m 

‘ 2 


V e +e  V e ) 

mm  mm 


The  dummy  variables  may  be  redefined  in  the  last  part  of 
Eq  (25)  by  use  of  the  equations 


^m+1 


K-i 


By  using  Fqs  (26)  and  (27)  in  the  equation  for  the  second 


term  in  Eq  (22),  one  obtains, 


[k2+  k2co.s  "’e„]= 

kifS(e" 


i Pttj  • I 
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Inserting  I-qs  (28)  anil  (24)  into  Kq  (22)  and  collecting 

coefficients  of  equal  phase  terms,  it  is  found  that 

I _ 

I !>„ 


le  2i^V  ’'4  +V  (iV^p  >+k‘ ) e + 

m \ m m m m m 2 


(29) 


2 l\,rH®m+l'''''m-l®m-l'  ° 


which  implies, 


3V_(r) 


3z 


+V  (r)C  (r) 


e =Q„(r)[V^,  (r)e_^,(r)  e , ] 


mvwv^mvwj  ^m-l'  (30) 

; t,  t 2 - 


C (?)  = 
m 2 


k'"  (r)  -(V  t )-^  + iV-V>„ 
m 


(31) 


1 k^(?) 


= 4^^  > m=0.±l.+2.  . . . + 


(32) 


The  derivatives  of  with  respect  to  x and  y have 


been  deleted,  since  they  are  small  compared  to  the 


derivative  of  with  respect  to  z.  This  is  justified 


physically  by  the  fact  that  holographic  diffraction 
efficiency  is  particularly  sensitive  to  hologram  thickness 
but  varies  slowly  in  the  x,  y directions  across  the 
surface  of  the  hologram. 


The  physical  significance  of  the  coefficient  C|^(r) 


is  more  clearly  understood  by  assuming  that  Q^(r)  equals 


zero  for  the  moment.  Under  such  conditions,  the  solution 
to  Eq  (30)  becomes 
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If  C is  written  as  the  sum  of  real  iiart  fRfC  ])  and 
in  ' m 


an  imaginary  part 


(I[C^]),  F.q  (3. 3)  is  written  as 


V^(d)  = V^(o)  e 


■^o’^tC,n(r)  )dz  i/^I[C  (r)]ciz 


(34) 


It  is  concluded  from  Eq  (34)  that  R[C^^]represents  the 
amplitude  loss  coefficient  of  the  mth  diffracted  wave 
and  that  represents  the  associated  phase.  If 

C^(r)  is  a constant,  then  the  integrals  in  Eq  (34)  are 
easily  performed  and  R[C^]  and  1[C^]  reduce  to  the  con- 
ventional definitions  of  amplitude  loss  coefficient  and 
of  phase,  respectively. 

The  physical  s i gn i f i ca nc e o f is  interpreted  directly 
from  Eq  (30).  If  is  not  zero,  then  there  is  a coupling 
of  energy  between  the  complex  amplitudes  of  the  mth  diffracted 
wave  and  the  adjacent  m-1  th  and  m+1  th  waves.  Therefore, 
is  interpreted  as  a coupling  coefficient  representing 
in  some  sense  the  magnitude  of  the  coupling  between  the 
waves  as  they  propagate  through  the  hologram. 

In  the  next  section,  a more  detailed  discussion  of 
the  physical  significance  of  Cj^(r)  and  Q^(t)  is  presented. 


B . Physical  Interpretation  of  the  Coefficients  of  Coupled  Waves 
The  coupled  waves  represented  by  Eq  (30)  have  been 
derived  by  an  expansion  in  spherical  waves  representing 
the  order  of  Fraunhoffer  diffraction  by  a holographic  lens. 
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This  exp.insion  is  siniilar  to  an  expansion  in  plane 
waves  d e s c r i 1) e tl  by  Klein  and  Cook  ( U e f . 20)  for  ultrasonic 
diffraction  of  light.  In  the  case  of  the  holographic 
lens,  an  expansion  in  spherical  waves  is  more  physically 
appealing  since  the  diffracted  waves  propagate  as  spherical 
waves.  The  interpretation  of  the  coefficients  C and  Q 
can  be  adapted  from  the  work  of  Klein  and  Cook  with 
modifications  in  syntax  for  the  hologram. 

By  observation  of  the  right  hand  side  of  Cq  C-^0),  it 
is  clear  that  only  adjacent  modes  (diffraction  orders) 
couple  electromagnetic  energy  directly  between  each 
otii'i.  This  is  shown  schematically  in  Figure  2.  An  arrow 
sloping  upward  represents  a coupling  or  transition  of 
energy  from  a lower-order  mode  to  a higher-order  mode. 

An  arrow  sloping  downward  indicates  a transition  of 
energy  from  a higher-order  mode  to  a lower-order  mode.  A 
horizontal  arrow  represents  no  coupling  of  energy. 

Figure  2 indicates  that  according  to  Fq  (30)  energy  cannot 
transition  to  a higher-order  mode  without  first  having 
been  through  its  adjacent  lower-order  mode.  The  zero 
order  mode  represents  the  incident  light. 

The  amount  of  energy  transfer  between  adjacent 

modes  depends  upon  the  magnitude  of  the  two  coefficients 

in  F.q  (30),  C and  Q . Q depends  on  k?,  which  is  related 
m m m 1 

to  the  amount  of  index  modulation  and  absorption  modulation 
present  in  the  processed  holographic  lens.  The  amount 
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ot  modulation  Jet  orm  i nes  tlio  strength  of  adjacent  mode 
coupling  and  must  be  non- zero  if  a hologram  is  to  exist. 

As  a consequence,  is  called  the  "coupling  coefficient". 

If  i.s  totally  imaginary,  the  hologram  is  an  index 
modulation  or  "phase  hologram".  If  is  totally  real, 
then  the  hologram  is  an  "absorption  hologram".  If  Q has 
real  and  imaginary  parts,  it  is  called  a "mixed  hologram" 

(see  Appendix  B j . 

may  also  be  broken  into  its  complex  parts  as 
previously  described.  I[C^],  the  imaginary  part  of  C^, 
represents  the  phase  synchronization  parameter  between  the 
diffracted  orders.  Since  the  various  modes  propagate  in 
different  directions,  two  adjacent  modes  can  remain  in 
phase  synchronization  only  over  very  short  distances 
unless  special  geometrical  constraints  are  obeyed.  These 
constraints  will  be  derived  out  of  the  phase  synchronization 
concept  and  it  is  shown  in  Appendix  B that  this  is  equivlaent 
to  the  Bragg  condition.  Diffraction  modes  with  the  same 
values  of  I[C^]are  in  phase  synchronization  in  space  and 
time  as  they  propagate.  Under  the  conditions  of  phase 
synchronization  energy  is  constructively  transferred  directly 
between  two  adjacent  modes. 

The  R[C^],  the  real  part  of  C^,  represents  an  amplitude 
loss  coefficient  which  accounts  for  all  losses  and  gains 
occurring  to  the  mth  mode.  It  contains  terms  representing 
the  absorption  of  the  wave  by  the  medium  and  the  divergence 
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o f 

the  s p h e r 

i c a 1 

wave  w h i c It  m a y c o n t r i 

b u t c to  an 

i n c r e a s e 

i n 

intensity 

i n 

the  case  of  a c o n v e r g i 

n g w a V e o r 

a d c c T-  e a s c 

i n 

intensity 

f 0 r 

a diverging  wave. 

riicrefore,  the  coefficients  in  liq  (30)  have  real  physical 
significance  when  described  in  the  context  of  a li  o 1 o g r a p h i c 
lens.  But,  I; q (30)  is  an  infinite  sot  of  coupled  waves  and 
cannot  be  solved  in  closed  form.  It  is  not  soluble  even 
on  a computer  without  truncation.  In  the  next  section,  a 
physical  and  mathematical  argument  for  reducing  the  number 
of  coupled  equations  to  be  solved  to  two  is  presented  based 
upon  the  interpretation  of  the  coefficients  just  discussed. 
This  will  allow  a closed  form  approximate  solution  to  be 
obt  a i ned  . 


C . Justification  for  Truncation  to  Two-Coupled  Waves 

Kogelnik  used  a theory  including  only  two-coupled  waves 
to  describe  the  diffraction  from  a thick,  uniformly, 
sinusoidally  modulated  medium,  but  he  did  not  justify  his 
mathematical  choice  rigorously  (Ref.  21).  This  section 
contains  a justification  for  the  use  of  only  two-couled  waves 
To  digress  briefly,  for  Bragg  type  holograms,  the  diffrac 
tion  efficiency  between  the  zero  order  and  m=-l  diffracted 
order  is  experimentally  found  to  bo  large  (^9.3%).  This  in 
itself  suggests  the  use  of  only  two  coupled  waves  to  describe 
the  diffraction  process  since  little  energy  is  coupled  to 
other  orders.  However,  a further  analysis  of  I [C^] leads 
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to  a more  ai-curatc  [)hysical  understanding  of  why  only  two 
equations  need  to  be  retained  in  thick  holograms. 

ihe  transfer  of  energy  from  the  existing  zero- order 
mode  (the  incident  reconstruction  wave)  can  only  occur 
initially  into  the  m=^l  orders  as  has  previously  been  argued 
b >■  observation  of  the  form  of  H q ( 0 ) (see  Figure  21.  In 
order  that  this  occur  efficiently,  phase  synchronization 
between  the  modes  must  occur.  If  the  energy  is  to  remain 
confined  between  the  zero-order  mode  and  one  or  the  other 
of  tlte  ni=H^l  modes,  then  another  physical  conditions  has  to 
occur.  i'lic  higher-order  modes  must  be  significantly  out 
of  phase  synchronization  with  the  m=0,  and  m=-l  mode  or 
the  m=+l  mode,  so  that  energy  is  not  transferred  to  them. 

The  conditions  for  efficient  trapping  of  energy  between  the 
m=0  and  m=-l  modes  is  shown  in  Table  1. 


TABLE  I 


CONDllIONS  FOR  TRAPPING  OF  ENERGY  BETWEEN  THE  m=0  and  m=-l 

MODES 

(D  = hologram  thickness) 


1.  Q^^d,  Q_jd^0 

2.  (a) 

, i [Oq  1 - I [0_  1 ] i d<<  TT 


(The  trivial  condition,  some 
material  medium  modulation 
e -X  i s t s ) 

fPhiiSc  synchronization  between 
two  ordei’s  - thick  grating) 


or  ( b 1 

, 1[G^]-1[C^]  ld<<  r 


3.  I[C  ]-I[C  ]jd>>Ti 
o m ' 


(No  Je phasing  exists  ovei-  the 
thickness  of  the  liologram  and 
all  modes  are  in  phase  - thin 
grat ing) 

(All  higher  orders  rapidly 
desynchronize  - thick  grating) 


36 


r 


AKAL-TH-76-P’70 

The  conditions  for  efficient  energy  transfer  between  tlie 
first  two  modes  hold  for  a holographic  lens  when  the  recon- 
struction wave  vector  is  along  or  near  the  original  reference 
wave  vector.  (It  also  occurs  near  the  object  wave  vector.) 
I'his  may  be  seen  by  analysis  of  the  I[C^]for  reconstruction 
near  the  original  reference  wave  vector. 

Kecall  F.q  (19),  rewritten  as 

= ^c2  +™(0r2  "^o2) 

where  is  the  phase  of  the  zero-order  reconstruction  beam. 

The  subscript  2 refers  to  the  phases  inside  the  hologram 
emulsion  according  to  the  convention  in  Appendix  A.  By 
taking  the  gradient  of  Eq  (35),  the  following  equations 
are  obtained 


V 


(36) 


o r 


(37) 


Eq  (37)*is  obtained,  because  the  gradient  of  the  phase 

V 

-V 

is  the  wave  propagation  vector.  is  the  wave  propagation 

vector  of  the  rath  diffracted  mode.  One  can  write  the 
reconstruction  wave  vector  as  the  vector  sum 
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r 


:2  " '^r2  * 


(38) 


where  Arep resents  any  changes  of  the  reconstruction  wave 
vector  from  that  of  the  original  reference  wave  vector. 

These  changes  may  arise  from  (1)  angular  position  chanj^s 
of  the  reconstruction  wave  vector;  (2)  wavelength  changdijS, 
(3)  optical  index  changes  of  the  emulsion  due  to  processing, 
and  (4)  radius  of  curvature  changes  of  the  reconstruction 
wave  from  that  of  the  reference  wave.  Substitution  of 
Eqs  (37)  and  (38)  into  Eq  (31)  yields 


V-([m  + l]k  -mk  t + '-)  +k“^o 

r 4 o I 

[ (ra+1)  k^2~'^k^9  +''^1  • z 


• 

i 

k2  (?)  (1-  [m+1  ]2  -m?  )+2A  • (-mk^^+tm+l  ) - 2 (m+1 ) kj",  • 

"2 

[ (m+l)k^.j-mk^2'*''^] '* 

(.39) 


where  it  has  been  assumed  k 


-•k  _=k  -*k  _=k  .'k  (r). 

r2  r2  o2  o2  c2  c2  2 ^ ' 


The  imaginary  part  of  reduces  to  the  following  when  A-0 
(i.e.  when  reconstruction  is  nearly  identical  to  the 
construction  conditions). 


(1- (m+l)2-m2  ) - 2m(ni+l)k  „’k  „ 
-.2 r2  o2 


[ (m+1)  k^2  “ 


(40) 
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From  Eq  (40)  is  it  possible  to  show  the  conditions  for 
trapping  of  energy  between  tlie  ra=0  and  m=-l  orders  as 
enumerated  in  Table  1 hold  for  a thick  hologram  for  recon- 
struction along  or  near  the  reference  wave  vector. 

The  first  condition  in  Table  I is  the  trivial  condition 
that  some  form  of  modulation  must  exist  in  the  emulsion. 

The  second  condition  in  Table  I is  the  phase  synchronization 
condition  between  the  m=0  and  m=-l  orders.  That  condition 
i s 

ll[C^)  -I[C_^]|d  <<r  (41) 

I[C^]and  1[C  are  evaluated  using  F.q  (40)  for  m = 0 and  m=-l, 
these  results,  when  substituted  into  Eq  (41),  yield  the 
condi tion 


0 < < IT 


(42) 


which  is  true.  Therefore,  condition  2a  of  Table  1 holds. 
By  use  of  Eq  (40),  condition  3 is  written  as 


1 

2 


k-2  (1-  (nri-l)2-ni2  )-2m(m+l)k^2 

[ (nri-l)k^2“nil<^o2^ 


d>>  V 


(43) 


I 


_ "n 
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riio  left  side  of  the  inem-iality  (43)  is  of  the  order  ntk,,d 
where  is  the  wave  j'ropagat  i on  coefficient  of  the 
holo>;rain.  Since  k,,d^>r,  inoiiuality  (43)  holds.  Consequently, 
the  conditions  of  fable  1 for  trapping  of  energy  between  the 
iii-O  and  m=-l  diffracted  modes  holds  rigorously  for  the 
case  of  a thick,  holographic  medium  for  reconstruction  wave 
vectors  similar  to  the  original  reference  wave  vector 
( i . e . , A ■ o ) . 

Because  the  energy  diffracted  by  a thick  hologram  is 
trapped  between  the  first  two  orders  ( m = 0 and  m = - 1 ) o n 1 >• 
two  of  t ti  e infinite  set  of  coupled  wave  equations  is  required 
to  describe  the  wave  propagation  in  the  medium.  ’1  h i s is 
the  justification  for  the  truncation  of  fq  (30)  to  a set 
of  two  coupled  wave  equations,  t li  e m = 0 , and  m = - 1 equations. 

Such  a truncation  holds  rigorously  for  A near  zero.  The 
question  remains  as  to  how  large  A may  be  before  this  truncation 
is  invalid.  As  A becomes  large,  approaches 


- I 


A.(-m  k -+(m+l)k  „)  + 
o2 rz 

[ (n+l)k^2  “"'^o'’ 


(44) 


f;(l  (44)  is  valid  only  for  m = 0,-l;  it  may  be  substituted 
into  the  phase  synchronization  condition  (2a)  of  Talile  I, 
to  yield 


2 i-  k ,+  ,'K 
r2 

[k^-,+A]  • z 


2. 


d <<  TI  (.1  S ) 


111 


which  may  be  rewritten  as 


I X ■ ? ( / ) ’;  d • 


(46) 


w h e r e 


l^(A) 


*^r2  ^ 2 


(k,2+^)-z 


^2  ^ 

(k- ,„!)  ■ 


(47) 


t(A)  is  a weak  function  of  A since  ik^^l  and 

riaich  larger  than  1a|.  Therefore  inequality  (46)  can  be 

used  to  estimate  the  range  of|A|  over  which  phase  synchronization 

iiolds  if  written  as 


7! 

1^1  " ^ "|?ld  cos(t,2) 


(48) 


o 

|I|  is  of  the  order  ^ , where  is  the  interfringe 

o 

spacing,  is  the  free  space  wavelength  of  the  construction 
(object  or  reference)light,  and  cos  (2., A) 


hence,  inequality  Eq  (48)  becomes  approximately 


1^1  ^ X“o^  (49) 

Inequality  (49)  implies  that  thick  holograms  are  much 
more  sensitive  to  reconstruction  wave  vector  changes  than 
thin  holograms.  It  also  implies  that  holograms  constructed 
at  short  wavelengths  are  much  more  sensitive  to  reconstruction 

holograms  constructed  at  long 


h2 


wave  vector  changes  t !i a n 


..  a V e 1 o ng  t h s . Also,  holograms  with  lar^je  tringe  spacing  are 
less  sensitive  to  changes  in  the  reconstruction  wave  vector 
than  holograms  with  small  fringe  spacings.  These  conclusions 
agree  with  the  commonly  expected  facts  about  hologram 
r e c o !i  s t r u c t ion  s e n s i t i v 1 1 y . 

Once  inequality  (49)  is  no  longer  true,  then  phase 
s y nc  h r on  i za  t i on  between  the  m = i)  and  m=-l  orders  is  disrupted. 
Energy  is  not  transferred  between  the  m=0  and  m=-l  orders. 
Ihis  desynch rnoization  also  means  that  energy  cannot  be 
transferred  to  any  of  the  more  negative-order  modes  since 
energy  must  first  be  transferred  to  the  m=-l  mode  in 
order  to  reach  the  more  negative-order  modes.  Therefore, 
the  use  of  two  coupled  wave  equations  remains  valid  as  |^| 
gets  arbitrarily  larger,  unless  a reconstruction  wave 
vector  position  is  reached  for  which  phase  synchronization 
occurs  for  the  chain  of  positive  diffraction  orders.  This 
occurs  when  k - approaches  a position  for  which  reconstruc- 

C ^ 

tion  occurs  along  or  near  the  original  object  wave  vector 
(creating  the  reference  wave).  This  can  be  described  by 
an  analogous  set  of  two  coupled  wave  equations  in  which 
the  names  of  the  object  and  reference  waves  are  switched. 

Therefore,  it  is  concluded  that  a set  of  two  coupled 
wave  equations  reliably  describes  the  diffraction  process 
in  thick  holograms  for  reconstruction  wave  vectors  along 
or  near  the  original  reference  wave  vector. 


1 he  coup  I Oil  wave  equations  to  be  useil  thruiu’hout  the 


remaiiuler  of  this  ills  sort  a ion  are  those  between  the  zeto- 
o r li  e r and  - i order  diffracted  waves,  given  by  L q ( 3 0 j as 


V c: 

o 


o 


0 V 
' o 


- ] 


-1 


o 


(SO) 


(51  ) 


Tlie  terms  involving  V , are  neglected  since  1(C  ,]  is  very 

■••1  + 1 ' 

large  and  rapid  dephasing  damps  out  any  m=l  oi-  higher  + 

orders.  C and  C , are  described  b v i: q (.SI)  and  Q and 
O - 1 -TV 

Q_^  are  given  by  Eq  (.5  2).  One  reduces  Eqs  (59)  and  (5  1) 
to  a set  of  scalar  equations  by  taking  the  dot  product  of 
vilong  e_j  since  this  is  the  component  of  the  individual 
polarizations  which  will  couple.  Ibis  >'  i e 1 d s . 


d O 


+ V„C 
o o 


Qo^'-l^^-l-  "o 


(52) 


dV 


-1 


3 z 


+V,C,=Q.Ve..e 
-1-1  ^-lo-l  o 


(5,5) 


It  is  shown  in  Appendix  H that  e , e =|sin')'  .!where  f , is 
the  angle  between  the  incident  polarization  and  the 
diffraction  direction.  Therefore,  the  coupled  wave  equations 


reduce  to 
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In  r!ic  case  of  constant  coefficients,  the  solution  to 
fqs  (54)  and  (55)  is  Straight  forward,  identical  to  the 
Kogelnik  result  for  an  ideal,  uniformly,  sinusoidally 
modulated,  planar  fringe  grating.  However,  the  coefficients 
C^(r),  C_j(r),  Q^(r),  and  Q j(r)  are  not  constants  for  a 
raoi’c  realistic  material.  The  exact  functional  dependency 
upon  position  of  these  coefficients  for  the  case  of  the 
holographic  lens  is  derived  in  Appendix  B.  The  solution 
to  the  variable  coefficient,  coupled  wave  equations 
(liqs  (54)  and  (55))  is  tlie  subject  of  the  next  chapter. 

A closed  form  solution  is  derived  using  the  JWKB  approximation. 
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THE  JWKB  SOLUTION 

The  solution  to  the  coupled  wave  equations  with 
constant  coefficients  has  been  obtained  using  standard 
differential  equation  techniques  for  the  ideal  sinusoidal 
plane  wave  grating  by  Kogelnik  (Ref.  21).  The  assumption 
of  constant  coefficients  limits  his  theory  to  media  in 
which  the  grating  parameters  are  not  dependent  upon  position 
inside  the  holographic  material. 

In  practical  materials,  absorption  of  the  object  and 
reference  beams  during  construction  of  the  hologram  causes 
the  optical  index  and  the  amplitude  of  index  modulation  to 
vary  with  position  inside  the  hologram.  In  this  case,  the 
coefficients  of  the  coupled  wave  equations  (Eqs  (54)  and 
(55))  describing  the  diffraction  process  are  variable  and 
a new  solution  must  be  obtained. 

In  this  chapter,  the  pair  of  var i ab 1 e - coe f f i c i en t , 
coupled-wave  equations  derived  in  Chapter  III  is  transformed 
into  a single  second-order  differential  equation  with  ^■ariable 
coefficients  to  which  the  JWKB  approximation  is  applied 
yielding  a general,  closed  form  solution.  By  imposing  the 
appropriate  boundary  conditions,  the  particular  solutions 
for  a transmission  and  reflection  hologram  are  obtained. 

A comparison  is  made  to  the  Kogelni';  results.  It  is  shown 
that  the  JWKB  solution  reduces  to  that  of  Kogelnik  for  plane 
waves  and  constant  coefficients.  Finally,  the  significance 
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of  the  JWKB  terms  is  emphasized  by  an  example.  Section  A 
contains  the  JWKB  solution  and  an  evaluation  of  the  validity 
of  this  solution.  In  Section  B,  the  particular  solution  for 
the  transmission  hologram  is  derived.  In  an  analogous 
manner,  the  result  for  the  reflection  hologram  is  obtained 
in  Section  C.  A comparison  of  the  JWKB  solution  to 
previous  theories  is  presented  in  Section  D. 

A . The  JWKB  Solution 

In  this  section  the  general  solution  to  the  coupled 
wave  equations  with  variable  coefficients  (Eqs  (54)  and  (55)) 
derived  in  Chapter  III  is  obtained  by  applying  the  JWKB 
approximation.  An  inequality  is  derived  which  bounds  the 
applicability  of  the  JWKB  technique.  Finally,  these 
bounds  are  determined  for  typical  holographic  materials  and 
it  is  shown  that  the  approximations  involved  in  the  use 
of  the  JWKP  techniques  are  valid. 

Recall  that  the  variable  coefficient,  coupled  wave 
equations  derived  in  Cliapter  III  were 

Q^V_^  |siny_^|  (56) 

= Q.yVp  |sin'('_^ 


3V 

+ C V 
o z o o 


9V_i 


hj 


(57) 
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V ^ ( r ) is  the  amplitude  of  the  incident  wave,  V ^ i i" ) ' s the 
amplitude  of  the  diffracted  light,  and  C ^(rj,  h'^ir) 

and  Q j(?)  are  the  variable  coefficients  defined  by  liqs  (31) 
and  C-32).  Taking  the  derivative  of  Eq  (57)  (where  ' : 

8“ 

and  " = )>  obtains 


V"  ^+V'  .C  ,+V  =0  .V  Isinf  >V  o'  .jsinf  ,| 

-1  -1  -1  -1  -1  -1  o -1'  o -1'^  -1' 


which  ma>-  be  solved  for  to  yield 


V ' - - 

o Q 


— Tv" 

,^:SinV_7l|^  - 


,+V  ,C  ,+V  ,C  , - V isin-  , 'o’ 
1 -1  -1  -1  -1  o'  -1  • 


into  which  V^|sinT  j|may  be  substituted  from  Eq  (57)  to 
yield 

‘^-C7TT„— (00) 


Eqs  (60)  and  (57)  may  be  substituted  for  V^  and  V'^  in 


Eq  (56)  , resi'  1 t ing  in 


^^:sLf_yr[  V'_|+C_jV_^J  =Q^V_^isinT_J 


lV_i)  + 


which  can  be  rearranged  to  form  a second-order  differential 
equation,  determined  to  be 


Q ' 0 • Q ' 

v:i+V_^[C^+C_^-  ^]+V_^[C^C_j-Q^Q_^sin’f_^+c:j-  '62) 
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l.q  ((>2),  utiich  is  tlio  for  the  comjilc'x  amplitude  of 

the  diffracted  e s the  output  of  the  holoj;ram,  is  of 

the  form  (whore  y = V j] 


y"  + f (z)  y’  + g (z)  y = 0 (63) 


w he  re  , 


Q' 


f (z)  .= 


(64) 


and 


(65) 


Eq  (63)  can  be  transformed  to  yield 


V"+ 


..P...  +f  v'  + 

P 


p'l+fp'+spj  V = 0 


(66) 


which  was  obtained  by  substitution  of 


y(z)  = V(z)  p (z) 


(67) 


into  F.  q (63). 


Ill 


is  a function  which  is  forced  to  obey  the  einiation 


2 ' 


+ f = 0 


(681 


Such  that 


p(?)=  exp  1-^  r f(^)d£) 


(69) 


As  a result  of  Eq  (68),  Eq  (66)  becomes 


V"  (z)  + F(z)V(z)  = 0 


(70) 


w li  e r e 


F ( z ) = P" (z )+f (z ) p ' (z )+g (z ) p (z ) 

p (z  ) 

Eq  (70)  can  be  solved  by  the  JWKB  Appi'oximat  i on  (Ref.  14, 
Page  10)  by  writing  Eq  (70)  as 

V'(z)  + v(z)  = 0 


where  A is  a "smallness  parameter"  which  later  can  be  set 
equal  to  unity.  Assume,  V(z)  is  of  the  form 

, z =» 

V(z)=exp  fi/^  Z Xy(OA^dC) 

V =0  ■ ^ ' 
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Subs  t i t lit  i on  of  l;i[  (.73)  into  liq  (72)  and  collection  of 
terms  in  successive  powers  of  yields  the  following  set 
o f V (-I  u a t i o n s 


. I 


♦ 

i 

4 


I 


I 

1 

I 

I 


I 


v=o;  ^o(z)=+iiF(?; ) 


(74) 


=1,2,3, ...<s'^v(z)  = 


(75) 


from  which  the  series  IX  (z)>.'^  can  be.  determined  (Ref.  14). 

n 

n = 0 

(■'rom  I'qs  (75)  and  (75) 


X 

1 2Xo  dz. 


i 

4 f’ 


(76) 


X2 


-1^ 

2x. 


[^X2]  = 

QZ  1 


i' 

8 M F 


-F") 


(77) 


Substitution  of  Fqs  (74),  (76),  and  (77)  into  F;q  (7  3) 

and  neglecting  higher  order  terms  yields  the  approximate 
solution 


V+(z)=EXp[/^[+i>FU) 


-3/2 


1 F'(4)^  1F(0 


4 F (O- 


8 


(f  - F”(0)dc]  (28) 


wliich  can  be  written  as 

-3/2 

, ±1/"  F(Odr,  L(0__r5  ZillSl 

V+(z)-  tr^  e e 8 ‘4  F(  :) 

•^F(z) 


F"(£)]di; 


(79) 
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i;q  (79)  represents  the  two  pnrticular  solutions  to  the  coupled 
wave  equation;  the  constants  of  integration  will  be  accounted 


for  by  the  ('O '' f i c ' o n t s in  the  general  solution  of  the 
form: 


V(z)  = C+V+(z)  + C_V_(z)  (80) 


A further  simplification  to  Eq  (79)  is  expected  to  be  valid 
provided  the  contributions  from  the  higher  order  integrals 
in  Eq  (79)  are  small  (Ref.  14,  Page  11).  This  simplification 
i s 


V+(z) 


F(C) 


d5 


e 


(81) 


Eq  (81)  is  the  well  known  first-order  .JWKB  approximation 


and  is  valid 


provided  (Ref.  14,  Page  11), 


o'^E>d5)>)lr* 

-3/2 


/^F(C) 


F'(0 

HO 

.5  F*  - (O 
■4  F (O 


df  >> 


- F"(f;)]dc 


(82) 


which  may  be  rewritten  using  the  Triangle  Inequal  it.^ 
(Re  f . 36 , Page  178). 


|/^dr,|» 


il  F'(?;) 

F(E) 


de|» 


8 


z 

F’^dEl  + |/^F  ^F"d£;|} 


(83) 
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Ihe  inequalities  given  in  Eq  (83)  may  be  evaluated  to 
determine  the  validity  of  applying  the  first-order  JWKB 
approximation  to  the  problem  of  the  holographic  lens.  To 
accomplish  the  evaluation,  the  magnitude  of  F must  be 
determined.  From  Eq  (69) 


_ 1 ^'f(C)  dC 
p’  (z)=  - i f (z)  e 2 ° 


-2  f (z)p(z) 


(84) 


and 


. I 


1 

, - 7/  fdC  . 

- Af ' 4 o 1 


p"(z)=-4f  e 


ff(z)[-  |fe 


- fdC 


p"(z)  = - -|f'p+-J-f^P  = [ - 4 f’+if-' 


2 4 


’]  P 


(85) 


(86) 


Substitution  of  Eqs  (84)  and  (86)  into  Eq  (71)  results  in 


F(z)  = g(z)  - |f2(z)  - yf’(z)  (87) 


Substitution  of  Eqs  (64)  and  (65)  into  Eq  (87)  yields 


F(z)  = C C ,-Q  Q .sin^'i'  .+C’  - 


0^-1  -1 


-1 

Q' 


f(C  +C  , - ^-1  )-  i(C  +C 
° 2 o -1 


3 -1 


)) 


Collecting  terms  yields, 


F(z)=  - t(VC_^)^Q„Q_lSin2^_^  + 

-L  r /-•  1 _ , 

4 ' Q 
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(88) 


(89) 
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F(z),  i'.iven  by  Eq  (89),  is  a com;)  1 i cated  complex 
function  of  z.  In  order  to  evaluate  the  inequality,  Eq 
(83),  which  determines  the  validity  of  the  JWKB  approximation, 
certain  integrals  of  F(z),  F'(z),  and  F"(z)  must  be 
determined.  In  the  following  paragraph,  the  function 
F(z)  is  estimated  from  the  magnitude  of  the  largest  term 
in  Eq  (89).  Then  the  inequality  given  by  Eq  (83)  is 
determined  in  an  approximate  manner. 

F(z)  is  composed  of  the  following  individual  functions 
derived  in  Appendix  B 


k u,  (r)  V-k  (r) 

_ _ o b . 2c 

2k  cos 9 2k  cos  9 


- (r) 


, 2k  cos  0 
c n,  (r)  c c 
b 


-Ak^ 


^|1(— I •K’-2k,^-K’)+n^(?)a^(?)k^+V-(k2c‘^'^ 


k n,  (r)cos6  -K4 


c b 


Qo(r) 


c 
2 

t hi  (r) 


4k  n,  (t)cos  9 
c b c 


(90) 

(91) 

(92) 


2 

0 (h 

4(k  n,.(t-)cos9  -\LL  ) 

CD  C ^ 


(93) 


2r 

= — , where  is  the  construction  wavelength. 


2° 


, where  A is  the  reconstruction  wavelength; 


Oj^(r)  is  the  absorption  coefficient  of  the  processed  hologram, 
k2^(r)  is  the  reconstruction  wave  vector,  optical 
index  of  the  hologram,  9^  is  the  angle  between  k2^(r)  and  z. 
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Ak^  is  the  difference  between  and  k^,  I''  is  the  fringe 

o c 

■> 

wave  vector  derived  in  Appendix  C,  ^ is  the  z-component 
► 

of  K'^  y ^ is  the  angle  between  the  incident  polarization 
and  the  diffraction  direction,  derived  in  Appendix  H,  and 
k‘(r),  for  a phase  hologram,  is  given  by  the  equation 

k^(r)  = 2k^nj^(r)An(r)  (94) 

•> 

derived  in  Appendix  B.  An(r)  is  the  amount  of  index 
modulation  present  in  the  hologram. 

The  dominant  terms  in  Eq  (89)  are  the  first  two. 

This  may  be  determined  from  the  knowledge  of  the  fact 
k^>>aij^(r)  for  holographic  materials  in  the  optical  frequencies. 
The  first  term  is  small  for  reconstruction  wave  vectors  near 
the  original  reference  wave  vector,  because  the  quantity 

K’  -K!  - 2k2j, - K'^  0 (95) 

as  mentioned  in  Chapter  III.  Therefore,  the  difference 

(C^-C  p,  appearing  in  Eq  (89),  is  approximately  zero  for 

O' 

practical  reconstruction  geometries.  The  quantity  1 

'^-1 

is  of  the  order  of  a,  where  a is  the  absorption  during 
construction.  Again,  k^;>a  for  holographic  emulsions. 
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Therefore,  since  Q^Q  j is  of  the  order  of  it  is  the 

dominant  term  in  Eq  (89)  for  the  values  of  index  modulation. 

An,  in  holographic  materials. 

Therefore,  at  least  to  first-order,  F(z)  may  be  represented 
as 


F(z)  =-  Q^Q_lSin2f_i  (96) 


For  the  case  of  unslanted  fringes,  K'^=0,  with  reconstruction 
at  the  construction  wavelength,  Ak^=  0,  Eq  (94)  can  be  sub- 
stituted into  Eqs  (94)  and  (93)  to  yield 


=Q_i= 


, 5i  k An (r ) 
o 

cos  0 


(97) 


For  the  general  case  of  slanted  fringes  and  Q_j 

would  not  be  equal,  but  would  be  approximately  the  same  order 
of  magnitude  . 

Consequently,  the  following  analysis  would  not  change 
much.  It  is  shown  in  Appendix  B that  An(r)  is  of  the  form 

- ^(L^+L  )z 

An(?)  =An  (E{x,y))e  ^ ° (98) 

o 
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An  ^ (I;  (.X  , y ) ) is  derived  in  Appendix  D for  bleached  Kodak 

t.'49-F  holograms  and  in  Appendix  P.  for  dichromated  gelatin 

holograms.  P(x,y)  is  the  exposure,  i is  the  absorption 

coefficient  of  the  emulsion  during  construction, 

I = ^-3 — , I.  = ^-3 — , where  0 and  9 are,  respectively, 

o cose  r cosO  or' 

o r 

the  angles  with  respect  to  the  normal  of  the  hologram  of 
the  object  and  reference  wave  vectors.  Substitution  of 
Pq  (97j  and  Eq  (98)  into  Eq  (96)  implies 


- x(I.  +1.  ) : 

F(z)  = F^(x,y)e 


(99) 


F (x,y)=  2^ 

° -1 


(100) 


Eq  (99)  implies 


, - a(L  +L  )z 

F'  (z)  =-a(L^  + L^)F^e  ° 


(101) 


and 


F"  (z)  = + u^''(L  +L  ) 
o r 


-x(L  +L  )z 

F e ° 
o 


(102) 


Using  Eqs  (99)  through  (102),  the  Jh'KB  inequalities, 

Eq  (83),  which  must  hold  for  the  JWKB  approximation  to  be 
valid,  become , 


1 


>>- 


, X cos  9 a ^ (I,  +L 
1 o cor 


r>  r '■.n^sin'l_j^ 

, ' ^cos^9'x^(L  +L  ) I,  ^ I 

Oo  c or  ll-c  -!T 

^ — I z 

T»  * A c 


(103) 


32  T-z An;(sinyH' 


-1 


I , -a  (L  +L  ) z I 

1 - e o r I 
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Some  ap]irox  iinat  i ons  have  been  made  to  derive  inequality 
11  OS')  Such  that  the  inequalities  are  valid  only  to  first- 
order.  The  terms  which  have  been  neglected  have  been  shown 
to  .be  at  least  an  order  of  magnitude  smaller  than  the 
terms  retained,  hence,  F.q  (103)  is  a reasonable  estimate 
of  the  validity  of  the  JIVKB  approximation.  Inequality  (103) 
determines  the  bound  of  the  parameters:  (1)  the  absorption 

coeffficient  of  the  emulsion  during  construction,*,  (2)  tlie 

amplitude  of  the  index  modulation.  An  (.7),  and  (3)  the 

o 

thickness  of  tiie  emul  s ion , z,  for  which  the  JIVKB  approximation 
is  valid. 

Clearly,  if  the  emulsion  becomes  too  thick,  the  thickness 
dependent  terms  will  cause  the  inequality  to  be  invalid. 
Similarly,  if  the  absorption  during  exposure  becomes  extreme, 
the  inequality  becomes  invalid.  One  cannot  arbitrarily 
put  bounds  on  these  parameters,  but  a , and  z can  be 

determined  for  each  type  of  holographic  material  to  which 
the  theory  derived  in  this  disseration  is  to  be  applied  and 
the  inequality  (103)  can  be  checked.  ' 

A typical  holographic  material  to  be  examined  extensively 
in  the  next  chapter  is  dichro mated  gelatin  for  which  z = 13p, 
2.75  X lO**  m’l,  X =.5u,  9 =0  =9  =45°  and  Ait  (E)  = .08  For 
this  typical  material,  inec;uality  (103)  becomes 

1>>.015  >>.001  (104) 
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Ihi-  first  ine>iuality  in  tq  (IO4)  rtrprcsents  the  relative 
magnitude  of  the  terms  kejit  by  the  first-order  JWKB 
approximation.  The  second  inequality  represents  the  relative 
magnitude  of  the  last  term  retained  compared  to  the  first 
term  neglected  by  the  first-order  JWKB  approximation. 

ihese  inequalities  indicate  that  the  JWKB  approximation 
i-S  valid  for  the  typical  holographic  material,  dichromated 
gelatin.  The  reader  is  cautioned  that  inequalities  (1C5) 
should  be  checked  for  each  new  material  to  which  the  JWKB 
ajiproximation  is  applied. 

In  summary,  the  first-order  JWKB  approximation  has 
been  used  to  solve  for  the  electric  field  amplitude  of  the 
first-order  diffracted  wave  from  a holographic  lens.  In- 
equalities were  derived  to  estimate  the  validity  of  the 
.)WKB  approximation  and  evaluated  for  a typical  holographic 
material.  The  final  result  for  that  amplitude  of  the 
diffracted  wave  is  obtained  by  substitution  of  Eqs  (81) 
and  (87)  into  Eq  (80),  which  becomes 


JWKB 

(d) 


/ 21  1 

(z)dz  Y (z)dz 

_ 0 + . ^ 0 — 

Vjf(d)-y_(d) 

C^e  +C  e 

(105) 


where 


Y±  (z)=  - |f(z)  + 1 /fTi)" 
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J is  tlie  thickness  of  t lu'  tui  1 op,  r aiii , f(z)  is  given  by  Iq  (01) 
and  F ( z i by  fiq  (8b).  and  C are  com])  lex  constants  lo  bo 

determined  by  the  boundary  conditions  of  the  specific  holo- 
gram. In  the  next  sections,  tliese  constants  are  determined 
for  a transmission  and  reflection  hologram. 


B.  Tlie  Transmission  Holographic  Lens 

for  a transmission  ho'ographic  lens,  but!)  the  incident 
and  diffracted  waves  have  the  same  sense  to  their  z- 
components  of  propagation  through  the  hologram.  Tlie  boundary 
conditions  in  transmission  are 


V_^(0)  = 0 


(10  7) 


V^(0)  = 1 


(108) 


using  Eq  (107),  = -C  such  that  fq  (105)  beiroines 


4 4f(C)dC  ~ 4A-v(Od  4 

2 o 2 o 2 o 


(109) 


where 


Ay(z)  = y^  - Y_  = 2i  v'f(z) 


(110) 
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The  application  of  the  second  boundary  condition  involves 
using  one  of  tlie  original  coupled  differential  equation, 

F.q  (aO),  since  the  second  boundary  condition  is  not  a direct 
condition  upon  V but  rather  applies  to  V^.  I-'rom  Fq  (?7) 


3V 


Q (z)  isinV  I ' 
O -1  ' -f! 


-1 


3z 


(111) 


Using  both  boundary  conditions,  Fq  (111)  yields 

i 


1= 


Q_j^(0)  isin 


I 

(-3T-> 


0 12) 


By  taking  the  derivative  of  Eq  (109),  it  can  be  sliown  that 


= >Ti^y(0)  C_|_ 
o 

From  Eqs  (112)  and  (113) 


( 1 1 .3 ) 


Q ,(o)isin4'  I 
C+  = Zl 

/2  i A Y ( o ) 


dll' 


Hence,  evaluation  of  Eq  (109)  using  Eq  (114)  with  :=d, 
the  thickness  of  the  hologram,  yields 

. Q 00)1  slnl-  J -K  tAy(z)dz  -|Ay(z)dz 

V (d)=  e [e  -e  ] (115) 

/Ay(z)A  v(0) 
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Inserting  ffz) 
JWKB 

TRANS 


F- 

i I*  A V 


from  Eq  (64),  one  sees  that  Eq  (115)  becomes 


;(d)Q_^(0)'  - i /d(c^(z)+C_^(z))dz 


A7(d)Ay(0)  Id  Id 

y / AY(z)dz  — r-/  Ay(z)dz 
^ o 2 o 

{ e -e  ] 


(116) 


iJ  W K B 

V ^ is  the  complex  electric  field  amplitude  of  the 

TRANS 

wave  diffracted  by  a holographic  transmission  lens.  Eq  (116) 
is  one  of  the  primary  results  of  this  chapter.  From  it, 
the  intensity  of  the  diffracted  wave  and  the  diffraction 
efficiency  of  the  holographic  lens  are  determined.  An  analo- 
gous equation  for  the  diffracted  field  amplitude  for  the 
case  of  a reflection  hologram  is  obtained  in  the  next  section. 


C . The  Reflective  Holographic  Lens 

For  a reflection  hologram,  the  incident  and  diffracted 
waves  have  the  opposite  sense  to  their  z-components  of 
propagation  through  the  hologram.  Thus,  on  reconstruction 
the  hologram's  output  wave  is  on  the  same  side  as  its 
input  wave.  The  output  wave  appears  to  be  a reflection  of 
the  input  wave  off  the  surface  of  the  hologram  (it  is  really 
a diffraction  of  the  input  wave) . The  boundary  conditions 
in  the  case  of  reflection  are 

V^(0)  = 1 017) 

V_i(d)  = 0 (118) 
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The  application  of  Eq  (118)  to  the  general  solution,  Eq  (105) 
implies 


C_  = -C^  e 


7^AY(z)dz 


(119) 


which,  when  substituted  into  Eq  (105),  yields 


In  order  to  evaluate  , the  original  differential 
equation,  Eq  (57),  is  solved  for  V^(z)  to  yield 


1 r ^'^-1 

^ Q_^  1 sin'i'_j^  1L  3z 


(121) 


Application  of  Eq  (117)  results  in 


‘ 'q  ,(0)rilr,  ,1  ^ 

o 


(122) 


S^'.l 

The  — found  by  differentiation  of  Eq  (120)  and 
o 

evaluation  at  z=0  to  be 


/^A  y(z)dz 


Ay(0)-b|(l-e 


T(^  -M(^  -(C^(0)-bC_^(0)-bAy(0) 


and  V j(0)  is  given  by 


(123) 


/ hy{z)dz 


- V 


♦ • 
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is  found  by  substituting  Eqs  (123)  and  (124)  into  fq  (124) 


to  be 


Q_j  (0)  lsin4'_^| 


/ 2i  *r  1 / Ay(z)dz  Q /*w(0) 


Since  the  output  of  a reflection  hologram  occurs  at  z=0,  the 
complex  amplitude  of  the  diffracted  vvavc  as  a function  of 
hologram  thickness,  d,  is  given  by  substitution  of  Eq  (125) 
into  Eq  (124).  This  yields 

JWKB 

V_g(d)  = 

TRANS 

2 Q i(0)  isiny  ,1 
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D.  Comparison  of  tlie  .1  W K B S o 1 n t ion  t o Other  T h o o r i o s and 
Interpretation  of  tlie dWKB  Terms 

In  tilts  section,  it  is  s ti o w n that  t It e d W K B solution 
reduces  to  t!ie  Kogelnik  results  (Ref.  21)  for  a transmission 
and  reflection  hologram  in  the  case  of  plane  waves  and 
constant  coefficients.  This  is  to  be  e.xpectcd  since  [ilar.c 
waves  are  a special  case  of  spherical  waves  and  constant 
c o e f l' i c 1 e n t s a r e a s u b -■  s e t of  variable  coefficients.  Also, 
the  JWKR  theory  is  shown  to  reduce  to  Uchida's  results  (Ref. 
4 3)  for  the  special  case  in  whicli  the  amplitude  of  the  index 
nividulation  is  an  exponentially  decreasing  function  of  thick- 
n ess. 


The  JWKB  tiieory  snould  reduce  to  the  Kogelnik  results 
in  the  ca.se  of  plane  waves  and  constant  coefficients.  The 
ideal,  lossless,  sinusoidal  grating  with  un.''lanted  fringes 
is  considered  for  comparison.  It  is  assumed  that  recon- 
struction is  at  t li e Bragg  angle  in  the  plane  of  incidence 
of  the  original  object  and  reference  beams.  In  this  case 
using  h c)  s (89)  and  (110)  E q (106)  becomes. 


A > 


/■p  ■=  2 if  AunCf.) 

o / c o s 6 
o c 


(127) 


The  amplitude  of  the  diffracted  liglit  is  given  by  Eq  (116), 
which  yields,  upon  substitution  of  Eq  (127),  the  following 
result 


/ -Ll'kr.d  N 

V ,(d)=  i sin  \>  c.otsO  I (128) 

- 1 o c 
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The  diffraction  efficiency  of  a ho  i og  ra  ;di  i c lens  ha<: 

;>  r i:  V i oijs  I y been  defined  in  Chapter  1 ns  the  ratio  of  the 
diffracted  output  power  at  the  output  surface  of  tiie  iiolograni 
to  the  incident  power  at  the  input  surface  of  the  holoarain. 
This  efficiency  is  given  by 


n(d)=(l-^  )F 


V . (d)V  * (d) 

n-MFv_pj)»_*p,n 

o o 


(129) 


is  a normalization  factor  to  correct  for  changes  in 
intensity  caused  by  the  fact  that  the  diffract^'d  v.ave  i an 
have  a different  projected  area  upon  the  front  surface 
than  does  the  incident  light.  F(K^,K')  is  a normalization 
factor  to  correct  for  intensity  changes  caused  by  the  con- 
vergence or  divergence  of  the  diffracted  and  incident  light 
In  the  case  of  the  ideal  lossless  sinusoidal  traii'- 
mission  grating  with  unslanted  fringes  F-(l-i))  = I,  and 
Eq  (129),  yields 

[r  Atift  d 1 

(Acos0)J  (130) 

IKANb 

Eq  (130)  is  the  familiar  Kogelnik  result  for  an  ideal, 
lossless  unslanted  transmission  grating  (Ref.  21). 
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The  ecjuations  for  a reflection  hologram  may  be 
evaluated  in  a similar  manner.  In  such  a case,  however, 
because  tlie  incident  wave  travels  in  the  opposite 
sense  in  the  hologram  during  i' e c o n s t r n c t i o n . U .s  i n g K q (.97) 
Ell  (127J  for  a reflection  hologram  becomes 


A Y 


2 i »'  Q 


'T- 

-1 


2ti  Anp 
X c o s 0 


(131) 


Substitution  of  F.q  (131)  into  Eq  (126) 
.amplitude  diffracted  from  a reflective 

A yd-i 


V_^(d)  =-i 


1 - e 


1 +e 


A yd 


yields  the  field 
hoi ogram , 


(132) 


which  can  be  rewritten  as 

V_j^(d)  = i tanh  (^Ayd) 


(133) 


Again,  using  Eq  ('.'3)  and  the  definition  of  efficiency, 
Eq  (93),  modified  for  a reflection  hologram,  one  gets 


(d) 

'REF 


tanh^ 


■nAnod 


X cos  0 
o c 


) 


(134) 


Again  a familiar  Kogelnik  result  is  obtained  (Ref.  21). 
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The  tact  that  the  .IIVKB  equations  reduce  to  the 
Kogelnik  results  in  these  ideal  cases  is  a good  bench- 
mark in  the  sense  that  there  would  have  been  an  obvious 
flaw  in  the  theory  had  that  not  occurred.  However,  this 
fact  is  not  very  instructive  in  terms  of  examining  what 
the  JKKB  terras  mean  or  in  terms  of  explaining  their  effect 
upon  the  diffraction  efficiency. 

In  order  to  gain  some  insight  into  the  significance 
of  the  .JIVKB  terras,  consider  the  ideal,  lossless,  transmission 
grating  again.  Allow  the  index  modulation  to  decrease  expo- 
nentially as  in  F.q  (98),  repeated  here 

-a  ( L + L ) z 

A n ( z ) = An^(  F ) e ^-7 — — (135  3 


In  this  case,  Eq  (129),  for  the  diffraction  efficiency  of 
a transmission  grating  is  easily  seen  to  reduce  to 


JWKB 

n (d)  = sin^  ( y- 
TRANS  o 


t 

cos  9 
c 


(L  +L  )z 
o r 

e ” ^dz) 


(136) 


which,  after  integration  becomes 


.JWKB 
n (d) 
TKAlhS 


.sin^  ( 


2t:  Arvj_ 


■«(L  +L  )d 
o r 


'a>,  cos  6 (L  +1.  ) 
o cor 


[1 


(137) 
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F.q  (137)  has  been  derived  previously  by  Uchida  from 
the  original  coupled  wave  equations  without  the  use  of  the 
JKKB  approximation  (Ref.  43).  This  is  possible  because  of 
the  exponential  dependency  of  the  amplitude  of  the  index 
modulation  upon  distance  into  the  emulsion.  Uchida's 
result  is  a special  limited  case  of  the  general  JWKB  theory 
derived  in  this  disseration.  He  obtained  closed  form 
results  only  for  reconstruction  at  the  Bragg  angle  for  a 
sinusoidally  modulated  planar  fringe  grating.  However, 
Uchida's  result,  while  limited,  exhibits  a characteristic 
of  the  effect  of  the  JWKB  terms  on  the  solution.  That 
characteristic,  in  general,  is  to  retard  the  phase  of  the 
sin^  function  when  compared  to  the  ideal  hologram  with  con- 
stant index  modulation.  Furthermore,  the  magnitude  of  the 
phase  retardation  is  dependent  upon  the  absorption 
coefficient  of  the  emulsion  (a)  during  the  construction 
process.  Similar  characteristics  will  be  noted  again  in 
the  next  chapter,  in  which  the  JWKB  theory  is  compared 
to  experimental  results. 

JWKB 

In  summary,  the  complex  field  amplitude,  V ^ (d)  , of  the 
diffracted  wave  emitted  by  a transmission  holographic  lens 
and  a reflection  holographic  lens  have  been  derived.  These 
results  are  given  by  Eq  (116)  for  the  transmission  case  and 
by  Eq  (126)for  the  reflection  case.  The  results  are  more 
general  than  previous  theories,  but  reduce  to  the  same  for 
the  identical  conditions.  Furthermore,  the  inequalities 
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which  specify  the  regions  validity  of  the  more  general 
JWKB  results  have  been  determined. 
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CHAPTER  V 


EVALUATION  OF  THE  JW'KB  THEORY  FOR  A TRANSMISSION 
HOLOGRAM  AND  COMPARISON  TO  EXPERIMENTAL  RESULTS 


In  this  chapter  the  JWKB  solution  for  the  diffraction 
efficiency  of  a transmission  hologram  is  derived  and  compared 
to  experimental  data.  The  choice  of  a transmission 
hologram  is  based  upon  the  availability  in  the  literature 
of  more  experimental  transmission  hologram  data  than  is 
available  for  reflection  holograms.  Furtliermore , the 
evaluation  of  the  JWKB  solution  for  a transmission  hologram 
should  be  just  as  valid  a measure  of  the  usefulness  of 
the  JWKB  theory  as  an  evaluation  based  upon  a reflection 
hologram . 

In  the  beginning  of  this  chapter,  the  general  solution 
for  the  diffraction  efficiency  of  a transmission  hologram 
is  derived.  The  JWKB  integrals  contained  in  the  general 
solution  are  integrated  using  the  trapezoidal  rule.  The 
error  associated  with  this  integration  is  estimated.  The 
integration  of  the  JWKB  terms  yields  a closed  form  solution 
for  the  diffraction  efficiency  of  a transmission  hologram. 

The  remainder  of  the  chapter  contains  the  results  of  the 
evaluation  of  this  closed  form  solution  for  several  specific 
hologram  configurations. 
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The  holograms  chosen  for  evaluation  illustrate  particular 
effects  which  are  predicted  by  the  theory  developed  in  this 
dissertation  which  previous  theories  do  not  explain.  The 
effects  upon  hologram  diffraction  efficiency  of  variations 
in  reconstruction  wave  vector  angle  of  incidence,  hologram 
thickness,  and  exposure  are  included.  In  addition,  the 

hologram  diffraction  efficiency  is  evaluated  for  changes  in 

I 

the  following  parameters:  (1)  reconstruction  polarization, 

(2)  emulsion  expansion  or  contraction,  (3)  optical  index, 

(4)  absorption  during  exposure,  and  (5)  reconstruction  out 
of  the  original  construction  plane  of  incidence.  Also,  the 
effect  of  the  JWKB  terms  upon  the  hologram  efficiency  is 
demonstrated  . 


A . Derivation  of  the  JWKB  Solution  for  the  Efficiency  of  a 
Tranmission  Hologram 

Before  a comparsion  to  experimental  results  is  made, 
the  equation  for  the  diffraction  efficiency  is  derived. 

This  section  contains  that  derivation  starting  with  the 
Eqs  (129)  and  (116)  repeated  for  convenience. 


V_^(d)  |sin4'_^|J 


JWKB 

ri  (d)  = (1-2)F  V (d)V  *(d)  (138) 

TKANS  , 

“T(b)Q  ,(d)’  -2tC,(d)+C_^(d)]  2A7(d)-2AY(d) 


[ e — 


(139) 
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whe  ro , 


»(d)  = ''o 


H40) 


and  , 


^_l(d)=/oC_i (2)d; 


(14  13 


(142) 


The  efficiency  is  calculated  by  substitution  of  Eq  (139) 
into  Eq  (138),  which  yields, 


* : A Y (O)Ay(d) j i 


OR  -IR^ 


(143) 


r A^R 

1^  e -e  -e  +e  j 
R and  I indicate  real  and  iraaginary  parts,  respectively. 

Using  hyperbolic  and  trigonometric  definitions  and  identities, 


Eq  (143)  is  rewritten  as 
JWKB 


^ 4(1-0)F  sln2'l_jQ_^(0)Q_^(d)  I 

TRANS  iAy(0)AY(d)l  * ® 


(144) 


where  the  operator  'v  e f ^ dz  represents  a JWKB  integral. 

Eq  (144)  is  the  JWKB  solution  for  the  diffraction  efficiency 
of  a general  mixed  transmission  hologram.  It  is  similar  to 
the  Kogelnik  solution  in  that  the  diffraction  efficiency 
is  proportional  to  the  sum  of  sin^  function  and  sinh^  funtion. 

The  sin2  component  represents  the  contribution  from  a 

phase  hologram;  the  sinh^  component  represents  the  contribution 

from  an  absorption  hologram.  Therefore,  as  in  the  Kogelnik 


73 


Ar'Ai,-TK-Y^-2Y0 


case,  the  diffraction  efficiency  for  a mixed  hologram  is  the 
sum  of  the  diffraction  efficiencies  of  the  absorption 
and  pliase  holograms  present  in  the  medium.  However,  in  the 
JWKB  theory,  the  sin^  and  sinh^  argument.^  are  replaced 
by  .TWKB  integrals.  These  integrals  reduce  to  the  Kogelnik 
arguments  in  the  case  of  the  ideal  sinusoidal  grating. 
However, in  the  general  case,  the  JWKB  integrals  must  be 
evaluated  in  order  to  .ompare  Eq  (144)  to  experimental 
results.  This  integration  is  performed  by  the  trapezoidal 
rule  in  the  next  section. 

B . Integration  of  the  JWKB  Integrals  by  the  Trapezoida  1 
Rule 

A summary  of  the  integration  of  the  JWKB  integrals 
appearing  as  arguments  in  Eq  (144)  is  contained  in  this 
section.  The  assumptions  and  approximations  are  discussed 
and  an  estimate  of  the  error  associated  with  the  trapezoidal 
rule  is  given.  The  primary  result  in  this  section  is  a 
closed  form  equation  for  the  diffraction  efficiency  of  a 
holographic  lens.  This  equation  can  easily  be  evaluated 
on  a desk  calculator.  In  the  rest  of  this  chapter,  the 
results  of  the  calculator  evaluation  are  compared  to 
experimental  measurements  of  the  diffraction  efficiency  of 
a hologram  available  in  the  literature. 
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Two  of  the  JKKB  integrals  appearing  in  E<(  (144) 
are  given  by 


d 

b>|^(d)  = R[A>(d)]  = R[/^Ay(z)dz] 

d 

j(d)  = I[Af(d)]  = I[/^Ay(z)dz] 


(145) 

(146) 


Ay(2)  is  determined  by  substitution  of  Eq  (89)  into  Eq  (110) 
to  yield. 


AP’AI  -T’F-f-Tf'-r'TO 


0 (z)= .-'-Jsxl?) 

-1  ) (IS  II 


w lie  re  , 


k]  (z)  2k^  nj^f7.).',n(2)  ( 1 S2  ) 

j,  ( 2 ) is  the  optica]  injex  of  t )i  c iio  log  rati  and  a^(z'i 
IS  the  optical  index  modulation  which  are  derived  in 
Appendix  B to  be. 


-H,  A(2) 

n (z)  = n +5n  (J-e — ) 

b o max  I)  ^ 


-K^Jl(z) 

:i  - e 

max  D 


■.n(z)  = <Sn (1  - e - -) 


n 5 3 ) 
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The  symbols  appearing  in  F.qs  (li8)  through  (156]  are  defined 
in  the  respective  appendices  in  which  the  functions  are 
derived.  F.qs  (118)  through  (156)  can  be  substituted  into 
bqs  (II/),  (1-18)  and  (1491  to  obtain  the  functions 

A Y(z)  , (z)  , and  C_  ^ (z)  . 
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The  main  reason  for  listing  F.qs  (118)  through  (156)  is 
to  emphasise  the  complicated  functional  dependency  of  -‘-yCz), 
C^(z),  and  C jfz)  upon  z.  Consequently,  the  .IWKB  integrals 
are  difficult  to  perform.  Indeed,  no  e.xact  solutions  to 
an>'  of  the  .IIVKB  integrals  could  be  found  by  this  worker. 
Consequently,  however,  the  following  approximation  techni<iue 
IS  shown  to  be  very  effective. 

The  JWKB  integrals  were  performed  using  the  trapezoidal 
approximation.  i'he  trapezoidal  rule  is  defined  as  (Ref.  18), 

;"^U(z)dz  = ftU(o)+U(d)]  - ^"(5)  (157) 

o 

Where  S is  some  value  ot  z between  o and  d,  the  thickness 
of  the  hologram.  It  is  important  to  note  that  F.q  (157) 
is  an  exact  equation  in  that  it  holds  witb.out  any  error 
for  some  particular  value  of  C as  a consequence  of  the  Theorem 
of  the  Mean  (Ref.  18).  If  the  last  term  in  Eq  (157)  is 
dropped,  the  Eq  (157)  is  called  the  trapezoidal  approximation. 
The  last  term  can  be  used  to  estimate  of  the  maximum  error 
involved  in  the  use  of  the  trapezoidal  approximation.  This 
error  is  given  by 

p < |tj”  I 

' — 12  max ' (15  8) 
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The  application  of  the  trapezoidal  approximation  to  the 
JWKB  integrals  in  Eq  (144)  yields  the  following  closed 
form  equation  for  the  diffraction  efficiency  of  a transmission 
ho-Iographic  lens. 


n(d)  = 


4F(l-Q)sln2T_j^jQ_j^(0)Q_j^(d)| 

laY(0)Ay(d)  I 


.^slnh2(|[AYj^(0)+AYj^(d)])-l  sin^  ( |[AYj.  (0)+A (d)  ] )J 


(159) 


Eq  (159)  is  the  primary  result  of  this  chapter.  It  is 
the  theoretical  result  from  which  a comparison  between 
experimental  measurements  and  theoretical  predictions  for 
the  diffraction  efficiency  is  to  be  made.  Before  this 
comparison  is  discussed,  an  error  analysis  based  upon  Eq  (158) 
is  presented  in  order  to  determine  the  error  involved  in 
the  use  of  the  trapezoidal  approximation. 


C . Error  Analysis  of  Trapezoidal  Approximation 

The  objective  of  this  section  is  to  determine  an  estimate 
of  the  order  of  magnitude  of  the  error  associated  with  the 
use  of  the  trapezoidal  approximation.  One  approach  to  this 
objective  would  be  the  evaluation  of  Eq  (158)  for  the 
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functions  Ay(z),  C^(z),  and  C j(z).  Such  an  evaluation 
would  be  exact,  but  entirely  too  lengthy  for  our  purposes. 
Instead,  a less  complicated,  but  realistic  approach  to 
the  error  evaluation,  which  will  provide  the  reader  with 
an  understanding  of  the  order  of  magnitude  of  the  error 
associated  with  the  application  of  the  trapezoidal 
approximation,  is  taken. 

The  approach  is  to  analyze  the  error  associated  with 
the  trapezoidal  approximation  applied  only  to  the  dominant 
terms  in  the  argument  of  the  JWKB  integrals.  The  trapezoid- 
al rule  is  shown  to  be  accurate  for  the  integral  of 
dominant  terms.  From  this  it  is  concluded  that  contributions 
to  the  error  associated  with  the  trapezoidal  approximation 
are  negligible  when  less  dominant  terms  are  included  in 
the  argument  of  the  integral. 

First,  consider  the  error  associated  with  the  trapezoidal 
integration  of  JWKB  integral  Ay(d),  Eq  (147).  It  has  been 
argued  in  Chapter  IV  that  the  dominant  term  is 
Q^(z)Q  ^(z)sin^I'  Therefore,  if  only  dominant  terms  are 

considered,  Ay(d)  becomes 

rd  ^ 

Ay(d)  =|sin'l'_^po  /Q^(z)Q  j^(z)  dz  (160) 
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It  has  previously  been  shown  in  Cliapter  IV  that  for  the 
case  of  unslanted  fringes,  Q^(z)  and  Q j(z)  are  equal, 
and  become 


„ . . n / s .51  k An(z) 
0 (z)  = 0 , (z)  = o 

° 

c 


(161J 


For  the  general  case  of  slanted  fringes,  Q^(z)  and  Q 
would  not  be  equal,  but  their  magnitudes  would  be  of  the 
same  order.  Consequently,  the  limitations  associated 
with  using  Eq  (161)  in  Eq  (160)  for  the  purposes  of  error 
analysis  is  not  significant.  Substitution  of  Eq  (161) 
into  Eq  (160)  results  in 


2 cose" 

c 


(162) 


The  error  associated  with  the  use  of  the  trapezoidal 
rule  is  obtained  from  Eq  (158).  The  function  U(z) 
become  s , 


2 cos  8 


(163) 


where  n(z)  is  given  by  (see  Appendix  B)  Eq  (98)  from 


Chapter  III,  repeated  here. 


- 2 


An(z)=An^(F)  e 


(164) 
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and  L = ------  and  1.  - r- 

o cosO  r cosO 
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as  ]>  rev  ions  iy  exi>]aincd 


ik  An 

c 


065J 


for  which  U"(z)  becomes 


ik  kn  a^d.  +i.  ^ 

c 


(106) 


Substitution  of  the  maximum  value  1J"(^J  into  inequality 
1 S S ) y i e 1 it  s , 


(i^k  An  .»2(l  +b  f 

t ^ _ _e ^ 

96  cos  9 


(167) 


The  inequality,  (167),  provides  an  estimate  of  the  upper 
bound  for  the  error  associated  with  the  use  of  the  trapetoidal 
approximation.  The  relative  percent  error  is  defined  as 


I X 100% 


( 16R) 


For  this  case,  |Ay(d)i  can  be  integrated  exactly  to  >ield 


- (b  +1-  )d 

k An  (1-e  2 o f ) 

|a-,  (d)|  = 
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'noquality  (167)  and  Hq  (169)  are  substituted  into  l-q  fl(’H) 
to  derive  an  inequality  for  the  upper  bound  of  the  jiercent 
error  associated  with  the  use  of  the  trapezoidal  approxinati 
whix'h  is 


EFF(%)  < 


[ d(L  +L  )]^x  lOOZ 
^ or 

- r<L  +T.  )d 

9611  - V----] 


( 1701 


By  observation  of  inequality  (170),  it  is  concluded 
that  the  upper  bound  for  the  percent  error  associated  with 
the  trapezoidal  rule  grows  as  the  cube  of  the  absorption 
coefficient  of  the  emulsion  during  exposure  and  as  the  cube 
of  the  thickness  of  the  processed  hologram.  Clearly,  if 
either  of  these  parameters  grows  without  bound,  the  ])ercent 
error  would  become  unacceptable  at  some  point. 

While  certain  terms  have  been  neglected  in  the 
derivation  of  the  upper  bound  in  inequality  (170),  the 
terms  neglected  are  relatively  small  as  argued  in  Chapter 
IV. 

Inequality  (170)  presents  an  upper  bound  on  the  limit 
of  the  usefulness  of  the  trapezoidal  approximation.  The 
magnitude  of  this  upper  bound  must  be  checked  before  the 
trapezoidal  approximation  is  apj'lied  to  specific  holographic 
materials . 
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holographic  material,  di  clironatcd  gelatin  (d  = 13jj,  a = 2.73x 

10  i 1.  =L  =— I;— ) , the  upper  bound  for  the  percent 

” /2 

error  associated  with  the  use  of  the  trapezoidal  approximation 


EFF  (%)  < .6%  (171) 

This  relative  percent  error  is  indeed  small  and  it  appears 
reasonable  to  use  the  trapezoidal  approximation  for  this 
particular  material. 

The  dominant  term  approach  for  the  analysis  of  the 
percent  error  associated  with  tlie  trapezoidal  approximation 
has  determined  the  approximate  order  of  magnitude  of 
the  errors  to  be  expected.  Similar  orders-of-magnitude 
(<1%)  in  the  percent  errors  associated  with  and  C 
JWKB  integrals,  have  been  determined  b>’  t !i  i s autlior,  but 
these  results  are  not  presented  because  it  is  the  objective 
of  this  section  to  merely  provide  the  reader  with  the  r der- 
of-magnitude  of  the  error  to  be  expected.  The  reader  is 
cautioned  to  check  the  validity  of  the  use  of  the  trapezoidal 
approximation  for  each  type  of  liolographic  material 
considered. 
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n.  t:  V a 1 a t i o II  of  Theory 

The  efficiency  for  a transmission  holographic  lens  given 
by  liq  ^15?))  was  programmed  on  a Hewl  et  t -Packaid  Model  '.1820 
desk  calculator  with  plotter.  The  program  was  formatted 
so  that  the  diffraction  efficiency  could  be  plotted  as 
a function  of  " an g 1 e - o f f- Bragg"  or  as  a function  of  total 
exposure  (measured  in  millijoules/cm^)  during  construction. 

The  term  " a.ng  1 e - o f f - Bragg  ” ('“)  has  a specific  meaning 
in  the  context  of  a hologram  to  be  defined  in  tliis  para- 
graph. The  Bragg  angle  is  the  angle  between  the  normal 
to  the  liologram  surface  and  the  wave  vector  of  the 
reference  beam  during  construction  (Ref.  21).  If,  after 
processing  of  the  hologram,  the  thickness  of  the  medium 
and  fringe  structure  remain  unchanged  from  what  they 
were  during  c oi'.  s t rue  t i on  , then  the  maximum  diffraction 

4 • 

efficiency  occurs  for  a reconstruction  wave  vector 

I 

parallel  to  the  original  reference  wave  vector.  This  is 
termed  " Bra gg- r e con s t rue t i on " . However,  if  the  wave 
vector  of  the  reconstruction  beam  is  not  parallel  to  the 
original  reference  wave  vector  direction,  an  angle  exists 
between  the  wave  vectors.  The  angle  (6)  between  the 
referi'iice  wave  vector  and  the  reconstruction  wave  vector 
is  called  the  "angl e-of f- Bragg" . The  geometrical  relation 
of  6 to  the  various  wave  vectors  is  shown  in  Figure  4. 
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Figure  4.  Cone  of  Possible  "ang 1 e -of f -Bragg" 

6 is  the  angle-of f-Bragg , the  angle  between  the  reconstruction 

wave  vector,  I<  and  the  reference  wave  vector  There 

is  a cone  abou?  ^ _ of  half  angle  oof  possible  locations  of 

t - 
c 2 . 


If  lies  in  the  plane  of  incidence  (the  plane  formed 

by  the  k^2^  ’ angle-off-Bragg  is  positive 

(6>^0)when  the  angle  measured  from  the  reference  wave  vector 
to  the  reconstruction  wave  vector  is  determined  by  a clock- 
wise rotation  about  the  normal  to  the  plane  of  incidence, 
the  angle-off-Bragg  is  negative  (6<0)when  this  rotation  is 
counter-clockwise.  For  reconstruction  wave  vectors  lying 
out  of  the  plane  of  incidence,  the  sign  of  the  angle-off- 
Bragg  is  determined  by  an  appropriate  trans fornation  to 
the  plane  of  incidence. 
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The  following  effects  will  be  examined  in  this  section 
and  compared  to  experimental  results  when  possible: 

(1)  variations  in  reconstruction  beam  polarization, 

(2)  reconstruction  out  of  tlie  jilane  of  incidence,  (3) 
expansion  of  the  emulsion  due  to  processing,  (4)  emulsion 
optical  index  changes  due  to  processing,  (R)  absorption 
effects  during  exposure,  (6)  variations  of  the  angle- 
off-Bragg  during  reconstruction, (7)  variations  of  the  total 
exposure  during  construction,  and  fS)  tlie  effect  of  the 
JWK B terms. 

In  order  to  illustrate  these  effects,  two  hologram 
construction  geometries  for  which  experimental  data  is 
available  in  the  literature  are  considered.  The  first 
is  a hologram  made  by  Rose  and  Willimason  referred  to 
as  the  "45°  x 45°  hologram"  (Ref.  40).  It  is  used  to 
illustrate  the  first  two  effects  mentioned  above:  (1) 

variations  in  reconstruction  beam  polarization  and  (2)  re- 
construction out  of  the  plane  of  incidence. 

The  second  hologram  considered  is  a hologram  made 
by  Chang  known  as  the  "f-RIM  Hologram"  (Ref.  6,7).  It 

is  used  to  illustrate  the  remaining  effects  previously 

I 

listed. 
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These  l\olograms  arc-  used  throu^ihout  the  rest  of  this 
chapter  and  serve  as  a basis  for  comparison  of  the  dWKB 
theory  to  experimental  data.  In  the  following  paragraphs 
these  holograms  are  described  in  greater  detail  because 
of  their  importance  to  the  evaluation.  After  this  descrip 
tion,  the  holograms  are  referred  to  by  name  only  in  the  re 
maining  sections  of  this  chapter, 

1 . Description  of  Holograms  usec^  for  Experimental 
and  Theoretical  Comparison.  The  "45°  x 45°  hologram” 

O 

was  constructed  using  a helium  neon  laser  (Xq=6328A)  for 
an  experiment  by  Rose  and  Williamson  in  order  to  determine 
the  reconstruction  sensitivity  to  variations  in  incident 
beam  polarization.  This  construction  geometry  is  shown 
in  Figure  5.  The  "45°  x 45°  hologram"  was  recorded  on 
Kodak  649F  high  resolution  silver  halide  emulsion 
(described  in  Appendix  D)  using  plane  waves.  The  object 
and  reference  beams  were  incident  at  45°  with  respect  to 
the  normal  to  the  emulsion  as  measured  inside  the  liquid 
gate,  such  that  the  beams  were  90°  apart.  The  liquid 
inside  the  gate  was  used  to  index  match  the  surfaces  of 
the  emulsion  and  glass  substrate  in  order  to  eliminate 
surface  reflections  and  surface  relief  which  would  create 
noise  upon  reconstruction,  and  to  allow  entrance  into  the 
emulsion  at  45°.  During  the  exper i men t , recons t rue t i o n 
Occurred  along  the  original  reference  beam  wave  vector 
direction;  the  polarization  during  reconstruction  was 
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varied  from  vertical  to  horizontal  in  steps  of  10° 
measured  with  respect  to  the  plane  of  incidence.  For 
each  change  in  polariztion,  the  intensity  of  the 
reconstructed  image  was  recorded  (Ref.  40) . 


I 

i 


1 

I 


Figure  5.  45°  x 45°  Construction  Geometry 

The  "45°  X 45*  hologram"  is  used  to  illustrate  the 
effect  of  reconstruction  be.am  polarization  upon  tlie  hologram 
efficiency.  The  predictions  of  the  theory  developed  in 
Appendix  H are  compared  to  the  experimental  results  obtained 
by  Rose  for  "45°  x 45°  hologram".  Good  agreement  is  found 
for  low  exposure  levels,  but  significant  differences  occur 
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for  hit;h  exposure  levels.  Also,  the  effects  on  the  diffraction 
efficiency  for  reconstruction  out  of  the  original  construc- 
tion plane  of  incidence  are  demonstrated  using  the  "45°  x 
■15°  hologram".  Experimental  and  theoretical  comparisons 
arc  not  made  in  this  case  because  of  the  lack  of  such 
information  in  the  literature. 

The  second  Iiologram  used  for  the  comparison  purposes 
in  the  evaluation  of  the  .IIVKB  hologram  efficiency  is  the 
"ERIM  hologram".  The  construction  geometry  for  this 
hologram  is  shown  in  Figure  6.  .Several  holograms  were 
recorded  on  dichromated  gelatin  (5°6  dichromate  !-y  volume) 

O 

using  an  Argon  Laser  CX^=5145A)  for  the  construction  in 
geometry  in  Figure  6.  Dichromated  gelatin  as  a recording 
material  of  transmission  holograms  is  described  in 
Appendix  E.  A series  of  holograms  was  made,  each  having 
a different  exposure.  Chang  recorded  the  exposure  for 
each  hologram  and  processed  the  series  of  holograms  in 
simultaneous  identical  steps.  The  diffraction  efficiency 
was  measured  as  a function  of  ang 1 e - o f f - Bragg  for  each 
exposure  level  . 

In  the  later  sections  of  this  chapter,  the  diffraction 
efficiency  calculated  by  the  JWKB  method  is  compared  to  the 
experimental  diffraction  efficiency  measured  by  Chang  for 
the  "ERIM  Hologram".  Excellent  agreement  is  obtained 
between  the  experimental  and  theoretical  predictions  for 
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I'igure  6.  Kevurding  Gooiiietiy  for  "EHIM  hoiogram' 

(Ref.  6 , 7 ) 

the  diffraction  efficiency.  Variations  in  the  hologram 
diffraction  efficicnc)  as  a function  of  changes  in  (1) 
emulsion  expansion,  (^2)  optical  index,  (3)  absorption 
during  expo.sure,  (4)  ang  1 e ■ of  f - Bragg  , (5)  total  exposure, 

and  the  .IWKB  terms  are  evaluated  by  comparison  to  the  data 
available  for  the  "ERIM  Hologram". 

2.  Polarization Fffects  during  Reconstruction.  The 

re' c ons  t r uc  t i on  efficiency  of  a hologram  is  dependent  upon 
the  polarization  of  the  reconstruction  beam  as  derived 
by  several  authors  (Ref.  3,  1,  13,  21,  40,  44).  These 

authors  have  predicted  that  the.  e f f i c i ency  at  Bragg 
reconstruction  should  be  pioi)ortional’to  sin^T  where 
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I IS  Ihc  angle  t'.etv.cen  l lii-  po  I ar  j zat  i on  t the  incident 
Wave  and  the  diffraction  direction  (derived  in  Appendix  HJ. 
Irulc'fc'd,  Hose  and  Williamson  have  confirmed  such  a response 
for  a Kodak  649F  hologram.  However,  it  is  the  contention 
of  •.  n i s author  that  such  a res[)ansc  is  only  a consequence 
if  the  relatively  weak  toii[iling  characteristics  of  64  9F 
holograms . 

This  may  be  more  easily  understood  by  considering 
F.q  (15  9)  in  the  lossless,  Kogelnik  case,  for  which 

4(l-n)Q  ^ sin^f  Ay  d 

, = 

For  Bragg  reconstruction  |Ac|=jAyH^|,  where 

iA'iil  = i2‘'VT7  (173) 

using  the  relation  for  transmission  holograms  that 

‘^-1  1-n  (174) 

and  substitution  of  F.qs  (173)  and  (174)  into  Eq  (172). 

n = sin2[vr-fl  Q_j^d  isin1'_^  I 1 (175) 
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Tho  tv?  t‘o  ro  , rite  efficiency  is  noi  p rep  o r ;i  r i o ii  n ) 
to  siir^V  However,  for  tiie  on  sc  of  wenk  c o up  litis  • 

wile  re  the  Q j d product  is  small,  the  'irgument  of  the  sine 
may  be  substituted  for  tlie  sine,  which  yields 

n=  (1-Q)!  U7(i) 

Therefore,  for  weak  coupling,  the  efficiency  of  a hologram 

is  proportional  sin"V  where  i}  ^ = i k^  h ( 2 cosO^[i-ilj) 

and  Y is  the  slope  of  the  'optical  index  versus  exposure 
n 

T. 

curve  in  the  linear  region  (see  Appendix  B),  k = , 

o 

is  tiie  total  exposure,  M is  the  coTistruction  beam 
interference  modulation,  and  is  the  angle  between  the 
construction  wave  vector  and  the  n o r m .a  1 r n the  emulsion. 

Eq  (159)  was  evaluated  for  the  Kogelnik,  i de a 1 - ho  1 o g r a m 
case  using  the  construction  geometry  of  the  "1S°  x -15° 
hologram"  (shown  in  figure  5)  for  reconstruction  at  the 
Bragg  angle  for  various  polarizations  of  the  incident 
light.  The  diffraction  efficiency  for  each  polarization 
angle  was  normalized  with  respect  to  the  maximum  value 
and  plotted  as  a function  of  sin^H'  j.  Figure  7 is  a graph 
of  the  normalized  diffraction  efficiency  versus  sin^T 
It  shows  the  theoretical  predictions  of  Eq  (159)  for 
for  the  case  of  weak  coupling  [y^  = .000069)  and  strong 
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The  theorctioai  vi.iCa  in  I-'ij'imi-  7 i.iuicales  that  fur 
the  case  of  weak  coupling  the  diffraction  efficiency  is 
in  very  close  agreement  with  the  experimental  data  taken 
•by  Rose.  For  the  case  of  strong  coupling,  the  theoretical 
diffraction  efficiency  is  not  proportional  to  sin^f  ^ in 
agreement  with  Eq  (174).  Both  the  experimental  data 
points  of  Rose  and  the  theoretical  data  points  for  the  case 
of  weak  coupling  lie  slightly  above  the  straight  line 
predicted  by  Eq  (175).  This  may  be  an  indication  that 
the  coupling  is  just  beginning  to  become  strong. 

Reconstruction  out  of  the  Plane  of  Incidence.  The 
Kogelnik  theory  is  limited  to  reconstruction  wave  vectors 
lying  in  the  plane  of  incidence  of  the  object  and  reference 
beam  wave  vectors.  This  is  one  of  the  fundamental 
assumptions  of  the  Kogelnik  theory  (Ref.  21)  and  the 
equations  are  derived  based  upon  this  geometrical  limitation. 

The  theory  developed  in  this  dissertation  is  not 
limited  to  reconstruction  in  the  plane  of  incidence  for 
two  reasons:  (1)  the  reconstruction  is  accounted  for 

by  a reconstruction  wave  vector  ^nd  the  fringe 

structure  is  accounted  for  by  a fringe  wave  vector  (see  the 
K'  K'  - term  in  Eq  (149)),  and  (2)  the  polarization 

vectors.  Because  these  vectors  are  three  dimensional,  the 
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diffraction  efficiency  equations  developed  in  this 
dissertation  are  not  limited  to  wave  vectors  lying  in  the 
plane  of  incidence. 

The  effect  upon  the  diffraction  efficiency  of  recon- 
struction wave  vectors  lying  out  of  the  plane  of  incidence 
is  shown  in  Figure  9 for  the  "45°  x 45°  hologram".  The 
plane  in  which  the  rotation  of  the  angle-off-Bragg  occurs 
is  specified  by  the  angle  p,  where  p is  the  angle  that  the 
plane  of  rotation  of  the  reconstruction  wave  vector  makes 
with  respect  to  the  normal  to  plane  of  i nc i dence (See  Fig  8).  If 
p = 0,  for  example,  then  the  plane  of  rotation  is  perpen- 
dicular to  the  plane  of  incidence.  The  reconstruction 
wave  vector  starts  out  10°  below  the  original  reference 
wave  vector  and  moves  to  +10°  above  the  original  wave 
vector  as  the  angle-off-Bragg  changes  from  -10°  to  +10°. 

In  each  case,  when  the  angle-off-Bragg  is  zero,  reconstruction 
occurs  for  a wave  vector  parallel  to  the  original  reference 
wave  vector.  The  geometry  for  the  p = 0 case  is  shown  in 
Figure  8 in  which  k^,  and  are  contained  in  the  (y,  z) 
p 1 ane  . 

The  angular  sensitivity  of  a hologram  is  determined  by 
the  n(i5)  plots.  The  angular  bandwidth  of  a hologram  is 
the  number  of  degrees  between  the  primary  zeros  of  the 
n(6),6  being  the  angle-off-Bragg.  The  angular  sensitivity 
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Figure  8.  Case  for  which  p=0  showing  rotation  of 
from  5 = -10°  to  6 = + 10°  in  a plane  perpendicular  to 

decreases  from  about  20°  for  the  p=0  case  to  about  3°  for 
the  p =45°  case.  This  is  caused  by  the  fact  that  the 
diffraction  efficiency  of  the  45°  x 45°  hologram  is  particular! 
sensitive  to  variations  in  the  y-component  of  the 
reconstruction  wave  vector  because  the  wave  vector  for  the 
fringes,  K,  is  totally  in  the  y-direction. 
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4.  Rxpansijjii  anclSh  t i n^agc  of  t he  _1  iiui  i i on  . Ii'iiiri}; 
processing,  the  exposed  emulsion  may  expand  oi  eontr act 
due  to  chemically  inciuceil  changes  in  t!ie  emulsion  struciuio 
crackinR  along  fringe  planes,  humidity  induced  changes, 
or  removal  of  compounds  from  the  emulsion.  lliese  changes 
in  thickness  have  three  effects  u[)on  the  reconstruction 
process.  Firstly,  the  thickness  of  the  emulsion  is 
different;  the  angular  bandwidth  fur  reconstruction  is 
inversely  proportional  to  the  hologram  thickness  fRcf.  i2j. 
Secondly, the  fringe  surfaces  rotate  position  with  respect 
to  their  orientation  during  exposure.  This  changes  the 
position  of  maximuni  diffraction  :-fficiency  of  n(i5),  from 
6=0,  to  some  other  value.  Finally,  the  spacing  between 
frmge  surfaces  is  changed,  which  also  affects  the  position 
of  the  maximum  diffraction  efficiency. 

The  change  in  position  of  the  fringes  due  to  exiiansion 
or  shrinkage  of  the  emulsion  is  described  by  a t r ,ai,  s f orn  a ' 1 
T,  derived  in  Appendix  C.  The  wave  vector  of  the  fringf's 
after  processing,  denoted  with  a prime,  is  given  by 


K'=  T K' 


(1771 
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anti  the  thickness  of  the  emulsion,  tie  noted  by  d',  is  given 

by 


d'  = S d 
z 


n 78) 


is  the  thickness  factor  representing  the  relative  change 
in  emulsion  thickness  caused  by  processing.  If  expansion 
occurs  during  processing  S^>1;  if  shrinkage  occurs 

Figure  10  shows  the  theoretically  predicted  diffraction 
efficiency  versus  6 curves  for  the  "1;RIM  hologram", 
previously  described,  with  expansion  and  shrinkage 
accounted  for  in  this  manner.  The  ordinate  is  the  diffraction 
efficiency  (n)  given  by  Eq  C159),  and  the  abscissa  is  the 
ang 1 e - o f f- Bragg  (6)  previously  defined. 

If  a change  in  thickness  does  not  occur,  then  K'  = K 
and  the  maximum  diffraction  efficiency  occurs  when  the 
reconstruction  beam  wave  vector  is  ii)rallel  to  the  reference 
beam  wave  vector  (S^=l  curve  in  Figure  10).  This  occurs 
at  zero  "degrees  off  Bragg",  since  the  angle  between 
the  reconstruction  wave  vector  and  the  reference  beam 
wave  vector  is  zero.  If  S^/l,  thenkVK  and  the  maximum 
diffraction  efficiency  occurs  for  a reconstruction  wave 
vector  not  parallel  to  the  original  reference  wave 
vector,  that  is,  at  some  6^0. 
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Two  results  can  be  obtained  t'roni  lij;ure  10.  I-irst, 
the  position  of  the  diffraction  efficiency  niaximum  moves 
from  positive  to  negative  ang 1 es -of f- Bragg  as  the  change 
in  thickness  moves  from  expansion  (S^  1 ) to  shrinkage 

(S^<1).  This  position  is  consistent  v>ith  the  Bragg 
condition  given  by 


K' -K'  -2k2^  K'  = 0 ( 1 ?9) 

Second,  the  diffraction  efficiency,  is  proportional 

to  ‘ as  previously  predicted  by  Kogelnik  theory 

(Ref.  21). 

The  effects  of  thickness  changes  upon  the  diffraction 
efficiency  and  the  angular  sensitivity  is  later  shown  to 
agree  well  with  the  experimental  work  obtained  by  Chang 
(see  Figure  12) . 

5.  Optical  Index  Change  due  to  Processing.  The 
optical  index  of  the  emulsion  after  processing  is  usually 
not  the  same  as  the  optical  index  of  the  emulsion  during 
exposure.  The  reasons  for  the  change  in  optical  index  is 
due  to  the  removal  or  addition  of  substances  during  process- 
ing (Ref.  33).  Upon  reconstruction,  the  maximum  diffraction 
efficiency  does  not  occur  for  reconstruction  wave  vectors 
along  the  original  reference  wave  vector. 
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Shows  effects  of  optical  index  changes  due  to  processing  which  cause  the  optical  index  of  the 
emulsion  to  be  different  than  the  optical  index  of  the  emulsion  during  exposure.  ni,=  1.5.S47  i 
the  case  of  no  change  in  optical  index  due  to  processing.  The  diffraction  efficiency  is 
calculated  from  Eq  (159)  for  the  ideal  Kogelnik  hologram. 
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ihe  change  in  optical  index  after  processing  is 
accounted  for  theoretically  by  changing  the  optical  index 
in  the  reconstruction  wave  vector  to  the  optical  index 
after  processing. 

The  effect  upon  the  diffraction  efficiency  of  optical 
index  changes  during  processing  was  evaluated  using  Eq  (159) 
for  the  Kogelnik  case  using  the  ERIM  Hologram.  The 
results  are  presented  in  Figure  11.  The  position  of 
maximum  diffraction  efficiency  shifts  from  positive  to 
negative  ang les -of f- Bragg  as  the  index  varies  from  lower 
to  higher  values  than  the  index  of  the  emulsion  during 
exposure.  This  shift  is  consistent  with  the  Bragg 
condition  given  by  Eq  (179). 

6.  Comparison  of  the  JWKB  Theory  to  Experimental 
Measurements . In  this  section  the  JWKB  theory  is  compared 
to  the  experimental  measurement  made  by  Chang  (Ref.  6,  7)  . 

The  effects  upon  the  diffraction  efficiency  of  (1)  absorp- 
tion during  exposure,  (2)  variations  in  ang 1 e -of f - Bragg  , 

(3)  variations  in  exposure,  and  (4)  the  physical  significance 
of  the  JWKB  terms  is  discussed.  In  all  cases,  the  construction 
geometry  is  that  of  the  "ERIM  Hologram"  described  in 
Figure  4. 
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The  experimental  results  which  Chang  obtained  are 
most  interesting  in  that  the  Kogelnik  theory  for  the 
diffraction  efficiency  fails  to  predict  the  experimentally 
measured  diffraction  efficiency.  It  will  be  shown  in 
this  section  that  the  JWKB  theory  developed  in  this 
dissertat  ion  does  predict  the  experimentally  measured 
diffraction  efficiency. 

Chang  exposed  a series  of  plane  wave  holograms 
according  to  the  geometry  in  Figure  6.  The  total  exposure 
(measured  in  millijoules/cm^)  was  increased  for  each  successive 
hologram.  The  object  and  reference  beams  were  of  equal 
intensity.  The  range  of  exposure  was  from  24  mj/cm^  up 
to  1069  mj /cm^ . 

After  processing  the  series  of  holograms  under  identical 
conditions,  the  diffraction  efficiency  of  each  hologram 
was  measured  as  a function  of  ang 1 e -of f - Bragg . From  this 
data  the  angular  sensitivity  and  angular  bandwidth  of 
the  hologram  as  a function  of  exposure  was  determined. 

Also,  the  diffraction  efficiency  at  the  center  of  the 
angular  bandwidth  as  a function  of  exposure  could  be 
obtained . 

The  experimental  data  obtained  by  Chang  for  a total 
of  24  raj/cm^  is  shown  in  Figure  12.  The  solid  line  through 
the  data  is  the  theoretically  predicted  efficiency  using 
the  theory  of  Kogelnik  based  upon  a linear  response  of 


101+ 


AF’AL-TR-T6-.’T0 


index  modulation  to  exposure,  Three  parameters  were 
varied  in  order  to  fit  the  Kogelnik  theory  to  the  data. 
First,  (.defined  in  Appendix  B)  , the  slope  of  the  optical 
index  response  of  the  emulsion  to  exposure,  was  varied 
in  order  to  obtain  the  correct  maximum  diffraction 
efficiency  (about  30%).  The  thickness  was  varied  in  order 
to  determine  the  correct  angular  bandwidth.  Finally,  the 
expansion  factor  was  varied  in  order  to  shift  the 
position  of  maximum  diffraction  efficiency  to  the  correct 
number  of  degr ee s - o f f - B r agg . The  values  which  best  fit 
the  data  are  >^=.00023,  d=12.4n,  and  S^=].353. 

If  the  Kogelnik  theoi-y  together  with  the  assumption 
of  a linear  response  of  index  modulation  to  exposure  is 
valid,  then  these  parameters  should  be  constants  of  the 
material  and  the  data  obtained  at  the  next  highest 
exposure  level  should  agree  with  the  Kogelnik  prediction. 

(Of  course,  slight  variations  in  thickness  and  the  expansion 
factor  should  be  expected  from  hologram  to  hologram.)  In 
order  to  check  this  h>pothesis,  the  Kogelnik  tlieory  was 
curve  fit  to  the  data  by  Chang  for  a total  exposure 
of  7 3 m j / c in . 

The  results  of  this  curve  fit  for  the  data  obtained 
at  an  exposure  of  73  mj/cm^  appear  in  Figure  13. 


The  solid  line  is  the  theoretical  diffraction  efficiency  calculated  from  i;q  (1S9)  for  the  idea 
Kogelnik  case  for  the  parameters.  Yn=-0001-’.  d=12.75u,  and  S-  = l..Tl(i.  The  dashed  line  is  the 
same  calculation  for  the  parameters  determined  in  Figure  12.  The  data  &-eprescnted  hy  squares] 
is  for  a total  exposure  of  73  mi  1 li joules/cm^  CRef.  6,  7,  vise  hy  permission).  .\  linear  optica 
index  modulation  response  to  exposure  is  assumed- 


.1^  rccMi;on  t olitaip.oil  for  the 
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It  i n o t e J that  o x c e 1 1 >•  n t 

Daramercr  values  of  =.000!9,  J - 1 2 . 7 r>  )i  aii;l  S - 1 . ’ i (>  , 

n 2 

but  ])oor  agreement  is  obtained  for  the  paraiiieters  of 

I'igure  12.  It  is  obvious  that  tiie  value  of  v required 

n 

to  obtain  agi'eement  of  the  linear  Kogclnik  theory  has 
changed  a significant  amount.  .A  comparison  between  the 
optimum  parameters  for  the  24  mj/cTi  exposure  and  the 
7 5 mj/cra^  exposure  indicates  that  changed  !)>'  i 7 . 4 , 

d changed  by  2.S2o,  and  S __  ch.anged  iiy  2.75",..  The  percentage 
change  in  d and  S_  can  be  attributed  to  experimental 
variations,  but  the  large  percentage  change  in  indicates 
that  there  exists  an  inadeiiuacy  in  the  theory. 

There  are  several  effects  which  explain  why  the  KogelniK 
theory  ,w i t h a linear  index  modulation  response  to  exposure 
is  not  adquate.  First,  saturation  of  the  optical  index 
mo'lulation  response  of  the  emulsion  to  tiie  exposure  is 
known  to  occvir  in  dichroma  ted  gelatin  (Ref.  5).  Secondl)’. 
the  variations  with  Jc])th  of  the  optical  index  modulation 
and  the  optical  index  are  not  included  in  the  Kogolnik  theory 
Tiie  theory  developed  in  this  dissertation  accounts 
for  both  saturation  and  variations  of  the  optical  properties 
of  tiie  emulsion  with  depth.  The  detailed  equati,)ns  relating 
to  saturation  with  exposure  are  dcsc’-ibed  more  fully  in 
Appendices  B and  li . The  variations  of  the  optical  propertie 
of  the  hologram  with  d,epth  arc  included  in  the  .JWKB  theory, 
Fq  (159). 
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r h o d i f f i- a c t i o n efficiency  at  the  center  of  the  angular 

bandwidth  obtained  experimentally  by  (lliang  i fi  plotted  as 

a function  of  total  exposure  in  figure  14.  Also  plotted 

in  Figure  14,  for  comparison,  are  the  Kogelnik  theory  based 

upon  a linear  index  modulation  response  to  exposure  and 

the  JWKB  theory  liased  u;>on  a saturating  response  of  index 

modulation  to  exposure.  (See  Appendix  B for  more  explanation 

of  the  linear  and  saturation  responses.!  Both  the 

Kogelnik  and  JWKB  theories  are  initially  parameterized 

by  the  constants  obtained  by  the  curve  fit  shown  in 

figure  12  {>  = .00023,  d = 12.4)J,  S =1.353).  This  was  done 
n z 

because  it  ‘is  assumed  that  at  the  low  exposure  of  2 4 mj/cm^ 
that  very  little  saturation  occurs  and  the  two  theories 
should  agree  well  in  this  region.  The  results  illustrated 
in  Figure  14  indicate  that  the  .JWKB  theory  including  saturation 
effects  agrees  with  the  experimental  data  much  bettor  than 
the  linear  exposure-response  Kogelnik  theory. 

If  the  effect  of  saturation  is  combined  with  the 
Kogelnik'  theory,  one  obtains  the  results  appearing  in 
figure  15.  The  dashed  curve  in  Figure  15  is  the  Kogelnik 
theory  including  saturation.  Tlie  solid  line  is  the  JWKB 
theory  including  saturation.  It  is  concluded  that 
saturation  effects  are  stronger  for  this  particular  hologram 
than  the  effects  caused  by  the  variation  of  the  optical 
index  modulation  with  depth.  However,  these  effects 
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The  solid  curve  is  the  .JWKB  theory  (Li|  (159))  assuming  a saturating  optical  index  modulatton 
response  to  exposure.  The  dashed  curve  is  the  Kogelnik  theor\'  assuming  the  same  response, 
both  cases  the  same  parameters  determined  in  Figure  12  were  used. 
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accounted  for  by  the  JWKB  theory,  fully  explain  the 

data,  particularly  near  the  region  of  the  first  zero  at 

300  mj/cm'.  This  result  is  also  indicated  in  I'igure  10, 

uliicli  is  a plot  of  the  JWKB  tiieory  with  and  without  saturation 
effects  included. 

The  experimental  data  plotted  in  Figure  14  agrees 
with  the  JWKB  theory  in  the  regions  of  low  and  medium 
exposure.  Disagreement  is  observed  for  exposures  larger 
than  700  mj/cm^.  For  the  last  two  data  jioints  (at 
875  mj/cm^  and  1069  mj/cm'^)  deviation  between  the  experimental 
data  and  the  JWKB  theory  cannot  be  explained  by  experimental 
error. 

This  deviation  at  high  exposure  can  be  accounted  for 
by  three  things  not  included  in  the  IWKB  theroy:  (11  the 

absorption  of  the  emulsion  during  exposure  is  known  to 
increase  with  exposure  (Ref.  5,  7),  (2)  the  expansion  of 

dichromated  gelatin  decreases  with  exposure  (Ref.  5, 
and  (3)  the  transmission  hologram  formed  in  the  emulsion 
during  exposure  due  to  reflections  from  the  back  surface 
of  the  emulsion  substrate  begins  to  efficiently  couple 
energy  from  the  incident  light  at  high  exposure. 

In  order  to  test  these  explanations,  the  angular 
sensitivity  data  obtained  by  Chang  for  the  exposure  of 
1069  mj/cm^  was  compared  to  the  .JWKB  theoretical  predictions 
of  Eq  (159).  These  results  appear  in  Figure  17.  The  solid 
curve  is  the  JWKB  result  for  5^=1.353  and  an  absorption 
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Figure  16.  I'i  f fract  i on  Ifficiency  vci"sus  Total  ! xposurc  for  the  i'RlM  ilolograir; 

T!ic  diffraction  efficiency  is  calculated  for  both  curues  by  I'q  1169^  using  the  .IKKB  thcor>'.  In  the 

curve  labeled  "SATUR>\T1.NG" , a .saturating  index  modulation  respon.se  to  expo.sure  is  used.  In  the 

other  curve,  a linear  response  is  used.  In  both  curves,  the  parameters  determined  in  figure  12  are  used. 


the  parameters  determined  in  Figure  12.  The  dashed  curve  is  the  same  calculation  For  the  new  parameters 
a=4.5xl(>*’‘*m*  ^ and  52  = 1.220.  The  data  (represented  by  squares)  is  for  an  exposure  of  10b9  mi  1 1 i i ou  Ics/ cm 
(Ref.  6,  used  by  permission).  The  lower  curve  is  the  same  calculation  for  the  hologram  foi-med  by 
reflections  from  the  emulsion  substrate  surface. 
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coefficient  during  exposure  of  u = 2 . 7 S x 1 0 ''m  The 

dashed  curve  is  the  .IWKB  results  for  an  absorption  coefficient 

of  a » 4 . 5 X 1 0*  'fii  * a n d an  expansion  coefficient  o f S ^ = 1 . 2 2 0 . 

It  is  observed  that  these  values  for  the  p a i-anie  t e r s a 
and  more  closely  fit  the  data  and  this  substantiates 
the  first  two  reasons  for  the  deviations  observed  in  Figure 
14.  These  effects  could  be  included  in  the  .JWKB  theory 
by  requiring  a and  to  functions  of  expos  re. 

Ihe  lower  curve  plotted  in  Figure  17  is  the  diffraction 
efficiency  of  a second  transmission  hologram  formed  simultan- 
eously with  the  primary  hologram  by  the  reflections  of  the 
object  and  reference  beams  from  the  back  surface  of 
the  emulsion  substrate.  The  diffraction  efficiency 
plotted  in  Figure  17  is  based  upon  an  exposure  level  of 
20%  of  the  total  exposure  for  the  primary  hologram.  The 
20%  value  is  determined  by  the  amount  of  reflection  at  the 
back  emulsion  substrate  and  is  consistent  with  the 
angles  of  incidence  of  the  object  and  reference  beams 
inside  the  emulsion  and  the  fact  that  the  reflection 
occurs  within  a region  of  high  optical  index.  The  position 
of  the  diffraction  maxima  for  the  second  hologram  formed 
from  the  reflected  object  and  reference  beams  accounts  for 
the  asymmetry  in  the  experimental  data.  The  order  of 
magnitude  of  the  diffractive  losses  to  this  hologram  furtiier 
substantiates  the  contention  that  some  of  the  discrcpanc)’ 


115 


AFV>L-'’'P-76-  (’O 


her  ween  r he  .JWKB  theory  and  t)ie  experimental  data  may  be 
due  to  diffraction  of  the  reconstruction  light  by  tlie 
second  hologram  contained  in  the  emulsion. 

The  effect  of  the  JKKB  terms  upon  the  diffraction 
efficiency  is  related  to  the  absorption  during  exposure. 

The  diffraction  efficiency  as  a function  of  total  exposure 
is  plotted  in  Figure  18  for  a family  of  curves  with 
different  absorption  coefficients.  As  the  absorption 
during  exposure  increases,  the  first  diffraction  efficiency 
maximum  occurs  at  higher  exposures.  Also,  the  broadening 
of  the  second  diffraction  efficiency  maximum  becomes  more 
pronounced  due  to  the  greater  delaying  effects  of  the 
J W K B terms. 

E . Summary  of  Results 

In  this  chapter  the  .JWKB  theory  has  been  evaluated 
for  two  specific  transmission  holograms  for  which  significant 
experimental  data  is  available.  The  first  experiment  was 
the  polarization  exerpiment  hy  Rose  and  Williamson.  The 
■JWKB  theory  agreed  with  the  diffraction  efficiency  response 
to  incident  wave  polarization  changes  obtained  experimentally. 
It  was  further  predicted  that  this  response  was  a 
consequence  of  the  fact  that  the  649F  emulsion  is  a weak 
coupler.  A different  response  was  predicted  for  stronger 
coupling  materials.  The  second  experiment  was  that  performed 
by  Chang.  In  this  case,  the  .IWKB  theory  improved  the  accuracy 
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in  predicting  the  diffraction  efficiency  as  a function  of 
exposure.  It  was  shown  tliat  tiie  .JW'KB  terms  were  required 
in  order  to  reach  better  agreement  with  the  experimental 
resu It  s . 

In  the  next  chapter  some  conclusions  based  upon  these 
results  are  described  and  recommendations  for  further 
work  are  indicated. 
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CHyWY’KH  VI 

CONCLUSIONS  AND  KhCOMMENDATlONS 
In  this  chapter  the  major  conclusions  and  accomplish- 
ments of  the  preceding  work  are  reviewed  and  compared  to  the 
objectives  set  forth  for  this  effort.  Recommendations  for 
improvements  are  made  and  further  research  is  suggested. 

A . Conclusions 

The  preceding  work  has  provided  a theoretical  development 
and  a comparison  to  experimental  measurement  of  the  diffraction 
efficiency  of  a hologram.  An  equation  for  the  diffraction 
efficiency  of  a hologram  has  been  obtained  which  relates  the 
diffraction  efficiency  to  the  apriori  characteristics  of: 

(1)  the  exposure  conditions,  (2)  the  emulsion  parameters,  and 
(3)  the  reconstruction  conditions.  In  short,  the  objective 
of  this  work  was  obtained. 

The  analysis  presented  in  this  dissertation  was  based 
upon  a pair  of  coupled  wave  equations  with  variable  coeff- 
cients  of  sufficient  generality  to  permit  the  determination 
of  the  diffraction  efficiency  of  a hologram  in  cases  where 
previous  theories  were  deficient.  These  cases  include:  (1) 

spherical  object,  reference,  and  construction  waves,  (2) 
polarization  of  the  reconstruction  wave,  (3)  reconstruction 
wave  vectors  out  of  the  plane  of  incidence  of  the  constru- 
tion  wave  vector,  (4)  thickness  changes  of  the  emulsion 
during  processing,  (5)  changes  in  the  optical  index  of  the 
emulsion  during  processing,  (6)  variations  with  depth  of  the 
index  of  refraction  and  index  modulation  of  the  emulsion. 
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(7)  saturation  of  the  index  modulation  response  to  exposure, 
and  (8)  absorption  of  the  construction  waves  during  exposure. 

The  spherical  nature  of  the  construction  and  reconstruc- 
tion waves  was  accounted  for  by  a spherical  wave  expansion. 
This  permitted  an  easy  analysis  of  holographic  lenses  and 
other  optical  elements  formed  by  spherical  waves.  Previous 
theories,  based  upon  plane  waves,  were  shown  to  be  a special 
case  of  the  spherical  wave  theory. 

The  polarization  of  the  construction  and  reconstruction 
wave  vectors  was  included  in  the  theoretical  development  by 
the  use  of  polarization  vectors.  The  polarization  of  the 
diffracted  wave  vector  was  determined  by  the  scattering 
theory  derived  by  Tatarskii  (Appendix  H) . This  polarization 
was  dependent  upon  the  reconstruction  wave  polarization  and 
the  diffracted  wave  direction.  The  results  indicate  that 
considering  polarization  effects  in  this  manner  agree  with 
experiment  for  weakly  coupling  holograms.  Significantly 
different  predictions  are  expected  for  strongly  coupling 
holograms,  but  an  experimental  verification  of  this  prediction 
is  lacking,  so  far. 

The  diffracted  wave  vector  was  determined  by  the 
gradient  of  the  phase  of  the  diffracted  order.  The  relation- 
ship between  the  diffracted  order  wave  vector,  the  fringe 
wave  vector,  and  the  reconstruction  wave  vector  was  shown  to 
be  equivalent  to  the  Bragg  condition,  when  the  reconstruction 
wave  vector  was  in  a position  of  apparent  coincidence  with 
the  original  reference  wave  vector  position. 
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As  a cunsequonct'  of  using  polarization  vectors  to 
characterize  polarization  effects  and  wave  vectors  to 
geometrically  characterize  the  construction  and  reconstruc- 
tion conditions,  tlie  theor>-  was  able  to  handle  reconstruction 
wave  vectors  out  of  the  plane  of  incidence  of  the  original 
object  and  I'efercncc  wave  vectors. 

Thickness  changes  of  the  emulsion  during  processing  were 
included  in  the  theory  by  a transformation  of  both  the 
original  thickness  and  the  original  fringe  wave  vector.  This 
transformation  successfully  predicted  the  experimentally 
observed  shift  in  the  position  of  the  reconstruction  wave 
vector  associated  with  maximum  diffraction  efficiency.  This 
shift  was  consistent  with  a modified  Bragg  condition  involving 
the  transformed  fringe  wave  vector. 

Optical  index  changes  of  the  emulsion  during  processing 
were  included  in  the  theory  by  changing  the  index  of 
refraction  of  the  emulsion  after  processing.  It  was  shown 
that  such  optical  index  changes  should  produce  a shift  in  the 
position  of  the  reconstruction  wave  vector  for  which  maximum 
diffraction  efficiency  occurs. 

Variations  in  optical  index  and  index  modulation  with 
depth  were  related  to  the  exposure  and  the  absorption  of  the 
construction  waves.  A linear  index  modulation  response  to 
exoosure  was  initially  used.  The  variations  in  hologram 
characteristics  with  depth  were  accounted  for  by  the  use  of 
variable  coefficients  in  the  pair  of  coupled  wave  equations 
describing  the  hologram.  This  set  was  solved  using  the  .JIVKB 
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api.  rox  i mat  i on  aiui  evaluatoJ  specifically  for  the  l)Oundary 
coiulitions  of  transmission  aiul  reflection  holograms.  It  was 
shown  that  tliese  results  reduce  to  those  of  Kogelnik  for  the 
case  of  plane  waves  and  constant  coefficients. 

The  trapezoidal  rule  was  used  to  compute  the  .JWKB 
integrals  for  the  case  of  a transmission  hologram.  It  was 
found  that  good  agreement  between  the  experimentally  measured 
diffraction  efficiency  and  the  theoretically  calculated  dif- 
frjiction  efficiency  required  accounting  for  both  (1)  saturation 
of  the  index  modulation  response  to  exposure,  and  (2)  varia- 
tions of  hologram  parameters  with  depth.  It  was  shown  that  by 
including  bota  of  these  factors,  ex[>erimont  and  theory  agreed 
except  at  extremely  high  cx[)osure  levels.  This  discrepancy 
wj,  attributed  to:  (1)  tlie  absorption  during  exposure  being 

a t' unction  of  exposure,  (d)  expansion  of  the  emulsion 
decreasing  with  exposure,  and  (3)  reflections  during  exposure 
from  the  hologram  - air  boundary  creating  a second  transmission 
liologram  in  the  emulsion  which  depletes  the  energy  of  the 
incoming  reconstruction  wave. 

It  was  found  that  the  Kogelnik  theory  in  conjunction  with 
both  the  linear  and  saturating  index  modulation  response  to 
exposure  was  insufficient  to  explain  the  experimental  results 
of  Chang  (Ref.  6,7).  The  JWKB  theory  combined  with  the 
saturating  index  modulation  response  to  exposure  closely 
matched  the  experimental  data.  From  this,  it  was  concluded 
tliat  variations  in  hologram  parameters  with  depth  were 
responsible  for  the  remaining  experimental  and  theoretical 
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discrepancy,  tiiese  eti'ecrs  were  accaraleiy  accounted  for 
Jlv'KB  theory  developed  in  this  work. 

The  shape  of  the  curves  for  diffraction  efficiency 
versus  angle  off- Bragg  was  affected  little  by  the  variation 
in  holograiii  parameters  with  depth.  These  variations 
strongly  retarded  the  response  of  the  diffraction  efficiency 
TO  exposure,  how'ever. 

B.  Recommendat  ions 

One  of  the  significant  results  of  this  work  has  been 
the  agreement  between  the  theory'  developed  in  this  work  and 
the  experimentally  measured  diffraction  efficiency  response 
to  reconstruction  wave  polarization  chances  (Ref. 40).  It 
was  indicated  that  the  agreement  was  a consequence  of  the 
weak  coupling  which  typifies  Kodak  649F  holograms.  Strik- 
ingly different  theoretical  results  are  predicted  for 
dichromated  gelatin  holograms,  which  can  be  strong  couplers. 
In  order  to  more  fully  test  polarization  effects  predicted 
in  this  dissertation,  it  is  recommended  that  the  polariza- 
tion experiment  be  repeated  for  a strongly  coupling 
dichromated  gelatin  hologram. 

An  experimental  and  theoretical  evaluation  of  the 
theory  should  be  performed  for  reflection  holograms.  It 
is  expected  that  the  sensitivity  of  reflection  holograms 
to  hologram  parameter  variations  with  depth  and  changes 
in  thickness  should  be  stronger  than  those  observed  in 
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transmission  ho  lot;  rams  hejaiisc  the  fringe  ,s  true  lure  for  a 
reflection  hologram  is  more  nearly  parallel  to  the  emulsion 
surface.  Consequently,  the  .IWKB  terms  should  bo  even  more 
important.  Such  an  investigation  may  help  reveal  why 
reflection  holograms  made  using  d i c h r o m a '■  e d gelatin  are  not 
as  efficient  in  practice  as  corresponiling  transmission 
holograms  made  with  the  same  material. 

One  should  recall  that  the  experimental  and  theoretical 
co.mpa  r i sons  made  in  Chapter  V were  for  hologram.s  constructed 
and  reconstructed  with  plane  waves.  Consequent  1 y , an 
omission  which  has  occurred  during  the  performance  of  the 
work  presented  in  this  dissertation  is  that  a theoretical 
and  experimental  analysis  of  tlie  holographic  lens  has  not 
been  performed.  The  holographic  lens  was  not  pursued 
because  too  many  other  interesting  avenues  of  rese.arch 
evolved  for  which  experimental  data  was  available  for 
comparison.  All  of  the  tools  have  been  developed  to  inves- 
tigate theoretically  and  experimental!)'  the  effects  of  (1) 
radius  of  curvature  changes  for  the  reconstruction  and 
construction  waves,  and  (2)  exposure  tapering  across  the 
surface  of  the  emulsion.  Also,  the  theoretical  capability 
now  exists  to  perform  a holographic  optical  lens  design 
starting  with  the  desired  operational  characteristics  ar. d 
ending  up  with  the  proper  construction  geometry,  exposure 
conditions,  and  emulsion  parameters  required  to  make  the 


lens. 
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Finally,  one  other  recommendation  pertaining  to  an 
alternate  theoretical  approach  is  in  order.  Witli  some 
controversy,  it  is  believed  that  cracks  form  in  dichromated 
gelatin  emulsion  along  the  fringe  planes  during  processing. 
These  cracks,  with  their  associated  air  emulsion  interfaces, 
are  considered  to  be  responsible  for  the  large  refractive 
index  modulation  which  occurs  in  dichromated  gelatin, 
(.’onsequently,  one  might  be  able  to  describe  theoretically 
the  dichro mated  gelatin  hologram  as  an  interference  stack 
of  layers  of  air  and  emulsion.  The  diffraction  efficiency 
would  be  determined  by  a calculation  of  the  amplitude  and 
phase  relationship  between  the  multiple  reflections  and 
transmissions  occurring  for  the  incident  and  diffracted 
light  within  this  stack. 
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API'RNDIX  A 

THE  COORDINATES,  UNITS,  AND  WAVE  EQUATION 


In  this  appendix,  the  coordinate  system  sign  conven- 
tion, and  system  of  units  used  throughout  this  dissertation 
is  identified.  Then,  based  upon  Maxwell's  equations,  tlie 
wave  equation  appropriate  to  holographic  diffraction  is 
presented. 


The  Coordinate  System. 


The  coordinate  system  used  throughout  this  disserta- 
tion is  assumed  to  have  its  origin  at  the  center  (point  0 
in  Figure  A-1)  of  the  front  surface  of  the  holographic 
medium.  The  rectangular  coordinate  system  used  is  sliown 
in  F i gur e A- 1 . 
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riie  (x,/")  plane  is  defined  to  be  the  plane  of  the  ^ront 
surface  of  the  li olographic  medium.  The  z direction  is 
normal  to  this  plane  and  is  into  the  emulsion. 

The  position  vector  r is  the  3'tuple  of  independent 
coordinate  variables  (x,y,z)  which  defines  a point  in  the 
coordinate  system.  r is  represented  by 


A1 1 funct ions 

ctions  of  the 

and  reference 

assumed  to  be 
— ► 

defined  by  Ro 


(A-  1 ) 


used  throughout  this  dissertation  are  fun- 
coordinate  variables  (x,y,z).  The  object 
waves  used  to  construct  the  hologram  are 
spherical  waves,  centered  at  positions 
and  Rr,  respectively. 


Ro  = 


Rr  = 


Ro  X 
Roy 
Ro  z 

Rr  X 
Rry 
Rr  z 


(A-2) 


(A-31 


The  optical  index  change  occurring  at  the  (x,y,o) 
interface  between  medium  1 and  medium  2,  in  Figure  A-1  is 
accounted  for  by  Snell's  Law. 

The  wave  vector  of  the  j-th  spherical  wave  in  medium 
1 propagating  from  -z  toward  +z  in  medium  1 is  written  as 
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4 


^(+) 

i 


k , (r-R  ) 

/ 

Ir-Rjl 


r-R. 


R.  > 0 
jz- 


R.  < 0 
jz 


diverging  spherical  wave 


(A-4) 

converging  spherical  wave 


(+)  implies  propagation  of  the  wave  from  -z  to  +z  direc- 

2Tn, 


t ions . Where  k 


Aj  is  the  free  space  wavelength 


of  the  wave,  and  is  the  optical  index  in  medium  number  1 
If  the  direction  of  propagation  is  reversed,  i.e., 
propagation  occurs  from  +z  to  -z  in  medium  number  2,  then 


II 

and  k = ) 


k (r-R.) 

_.2_ j_ 

!^R.  I 


-k  (i-R  ) 
_2 L 

I -►  ->■  I 

r-R. 

J ' 


R.  >0 
jz  - 


R.  < 0 
JZ 


diverging  spherical  wave 

(A-5) 

converging  spherical  wave 


A i 


Eqs'(A-4)  and  (A-5)  define  the  wave  vectors  for 
spherical  waves.  j = o,r,c  for  object,  reference  or  recon- 
struction spherical  wave  vectors,  respectively.  The  values 

of  I<(  + ) in  medium  number  2 are  determined  by  Snell's  Law 
i..l 

at  the  boundary  to  be 


2j 


■'I 


(x-Rj^)Ji+(y-Rjy)?+(z-Rj^)i 


\H 

iVK- 


2 

1) 


r-R. 


(z-R.^)^ 


(A-6) 


-vf-) 

k is  defined  in  a similar  manner  except  that  the  direc- 
1 J 

tion  is  reversed  and  n^  is  interchanged  with  n^  in  all 
places. 
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In  the  case  of  the  reconstruction  wave,  1;  , 

2 c 2 

is  replaced  by  which  is  the  optical  index  of  the 

emulsion  after  processing  given  in  Appendix  B. 

Units  and  the  Wave  E quation  for  the  Emulsion . 

The  wave  equation  used  to  describe  holographic  dif- 
fraction is  derived  from  Maxwell's  equations,  which  is 
Gaussian  units,  are  (Ref.  17) 


V-D  = 0 

(A-7) 

V-H  = 0 

(A-8) 

1 

VXE  + - 
c 

3H 

3t 

0 

(A-9) 

e 8E 
c 3 1 

4tt  0 
c 

E = 0 

(A-10) 

-*■ 

D =eE 

(A-11) 

Since  the  emulsion  is  a non-mag netic  material  and  there 
are  no  free  static  charges  existing  in  the  material,  it 
has  been  assumed  that  p=  1 and  p=0  for  the  hologram  emul 
sion.  E is  the  dielectric  constant  of  the  emulsion  and 
a is  the  conductivity  of  the  emulsion  after  processing 
(during  reconstruction)  . 
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The  corresponding  wave  equation  for  monochromatic 
light  in  Gaussian  units  is 

+ k^(r)E  + V(VZnE-E)  = 0 (A-12) 


u )i  e r e 


i Ati  o 


(r)  = ^ (c+ 


(A-13) 


k(r)  is  the  wave  propagation  constant  of  the  material. 
k(r)  is  related  to  the  optical  index,  n(? ) . and  the 
absorption  coefficient,  a (r) , of  the  emulsion  by 


ia^  (r)  i n(r)oi  (r) 

k2(r')=k2[n2a)  - + ] (A-14) 

c c 


2 ^ 

where  ko=  and  Ao  is  the  free  space  wavelength  of 
the  construction  light.  It  is  shown  in  Appendix  B that 
n and  n are  functions  of  r,  hence  k^=  k^r)  for  the 


ho  1 ogram . 
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APPEiNDIX  B 

DERIVATION  OF  THE  WAVE  PROPAGATION  CONSTANT  OF  A HOLOGRAM 


It  is  the  purpose  of  this  appendix  to  relate  the  wave 
propagation  constant,  k(f)  to  the  original  hologram  con- 
struction geometry  and  exposure  conditions.  This  requires 
that  the  optical  index»  n(r)  and  the  absorption  coefficient, 
a(r),  be  related  to  the  exposure.  These  terms  are  deter- 
mined from  the  exposure  by  either  a linear  response  or  a 
saturating  response  to  exposure.  First,  the  exposure  of  the 
holographic  recording  medium  to  the  object  and  reference 
waves  is  derived,  then  the  relationships  between  optical 
index,  absorption  coefficient,  and  exposure  are  determined. 
k(r)  is  derived  for  a hologram  and  related  to  n(r)  and  aCr). 
Finally,  the  variable  coefficients  ^o,  ^ and  C ^ 

appearing  in  the  coupled  wave  equations  are  evaluated  in 
terms  of  anda(r). 

1 . The  Exposure. 

The  interference  intensity  pattern  between  the  object 
and  reference  spherical  waves  is  calculated  using  the  super- 
position principle  and  Beer's  Law  for  absorption  in  the 
emulsion  during  the  exposure.  This  intensity  is  related 
to  exposure.  Only  the  exposure  within  the  emulsion  is  of 
concern  since  that  is  what  photochemical ly  changes  the 
emu  1 s i on . 
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The  e 

1 e c t r i c field  o I' 

the  o h i e 

c t .1  n d r «.•  t L r V IK  i*  v* 

i \ ( 

inside  t li  e 

emulsion  ( iiied  i urn 

n urn  he  r 

2 ) is  i V t*  n l)v 

i 

; (r) 
o 

E (rl  = F 
o 

; ( r ) e 

o 

(* 

o 

( B - 1 ) 

i 

?^(r) 

E (r)  = 1- 

: (r)  e 

V 

r 

( B - i ) 

in  whicli  ^ , and  e are  the  unit  polarization  vectors  of  tlie 
spherical  waves  derived  in  Appendix  1.  and  fcr(r)  are 

the  real  amplitudes  of  the  spherical  waves.  They  account  for 
the  amplitude  tapering  across  the  emulsion  surface. 

The  total  electric  field  within  the  emulsion  is  given  by 

l'(;)=l1  fr).E  (r)  (B-.T) 

o r 

The  intensity  is 

I(r)=F;'n*  (B-4) 


which  becomes 


I(r)=f;  E*  + h h*+e 
^ 0 0 r r o 


•a  [E  I-.*  e 


o r 


1 ( '!>  - 1>  1 
t)  V 

+r  -,  h* 
r o 


■i  (1>„ 


(B-.S) 


since  the  amplitudes  were  assumed  to  be  real,  this  yields 


I(r)  = I (r)+T  (r)+2  ►'T  (r)I  (r)  cos  j>  e e 
o r o r or 


(R-ol 


where 


4> 


~t> 

o r 


(R-71 
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loCr")  and  Irfrl  are  the  intensities  of  the  object  and 

\refercnec  waves  inside  the  emulsion.  These  functions  con- 
' 1 

tain  the  I r-R  P fall-off  with  position.  Any  absorption 

j 

within  the  emulsion  is  also  included  in  these  terms. 

I^(r)l^(rj  is  the  modulation  amplitude  for  which  complete 
coherence  has  been  assumed.  If  one  would  desire  to  include 
coherence  effects  such  a term  would  be  contained  in  this 
modulation  amplitude.  Ij-(r)  are  derived  starting 

with  the  equation 

).  , -a  |l  1 z 

I (r)=I  (r'+L  (x,y,o)e  ° (B-8) 

o o o o 


and 


lQ(r)=Ir(>^'+L^)=Ir(x,y,o)e 


\K 


(B-9) 


Where  r ' is  a position  vector  on  the  surface  of  the  emulsion 

and  |l  I and  |l  I are  the  slant  distances  into  the  emulsion 
'o'  ' r ' 

to  the  point  r measured  from  r^,  a is  the  absorption  coefficient 
of  the  emulsion  during  exposure. 

The  relation  between  r,  r'  and  L is  shown  in  Figure  B-1. 


l-igure  B'].  Relation  between  r,  r'  and  L 


is  a vector  along  the  object  beam  wave  vector  in  holographic 
recording  riciliiiin,  , whose  magnitude  is  given  by- 


cos  O 


(B-10) 


o 


and  s i m 1 1 r 1 v for 


(B-11) 


^o  *'r  *"‘^P*’'^scnt  the  distance  along  the  wave  vector  at 

the  position  (x,y,z)  over  which  absorption  has  occurred.  It 
is  easily  shown  that 


cos  9 = 
o 


(B-12) 


and 


c o s 0 


(B-13) 
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riic  vector  r'  is  a position  vector  in  ttie  ( x , y , c ) [ilaiie. 
is  the  point  of  jiicidence  on  the  lx,y,o]  p)<ne  of 
the  wave  vector  ’•<  . j • fl>t’  last  equality  in  hqs  f it  - 8 i 
and  (B-9)  I*:  true  because  the  lateral  variations  in  the 
intensity  of  a spliorical  wave  are  small.  Also,  the 
variation  in  the  intensity  of  the  s ii  h e r i c a 1 wave  with 
thickness  into  the  emulsion  is  small.  Therefore,  (x',y') 
may  be  replaced  by  ( x , y ) at  the  position  i' , and  vice  versa. 

The  intensities  of  the  object  and  reference  'waves 
in  the  (x,y,o)  plane  are 


Tp (x ,y ,ol 


A? 


o 


(B-14) 


and 

a2 

T (x,y,ol  = 

(r-^|2  (B-1,S1 

r ' 

i 2 

A and  A are  intensities  to  account  for  a n v other 
o r 

emulsion  surface  exposure  variations  wliich  mipjit  be 
superimposed  over  the  spherical  v ,a  r i a t i o n s . 

Using  Fqs(B-R)  and  (B-9),the  cx’posurc  of  the  emulsion 
is  written  as 

E(r)  = I Cr)  •t=r.(^(rl  + M(?)  cos<)  [B-lb] 

where  Ej^(r)  is  a hacKgrouiui  exposure  and  M(r)  is  a modulation 
to  this  exposure.  t is  tlie  exposure  time. 


ihO 


The  back  round  exposure  is  written  as 


h^^(ri=H^(r).h^(rJ 


Substitution  of  hqs  (B-8)  and  (B-9)  along  with  ho  and  1.  r 


into  hq  (B-17)  yields 


b^,(r)=Ej^(x,y,o) 


-x  L 2 -j  L 2 

'^(x,y,o)  e ° + I^(x,y,o)  e ^ 

I^(x,y,o)+I^(x,y,o) 


I^(x,y,o) 

Defining  r(x,y')  = as  the  ratio  of  reference  to 

T (x,y,o) 
o 

object  beam  intensity  at  the  point  (x,y)  on  the  surface  of 
the  emulsion,  h q ( B - 1 8 ) becomes 


r-  -'  X L z L z 

„ e +t(x,y)  e 

Eb(r)=Ej^(x.y,o)  r+  J^y") _ 


which  can  be  written  as 


E(0)R 


E,(r)= 


r-  -a  h z -a  I,  z 

2 e + >(x,y)  e 

o 1+  ^0) 


in  which  E(o)  is  the  background  exposure  at  the  origin 
(0,0, oj  and  >(0)  is  the  ratio  of  the  reference  to  object 
beam  intensities  at  the  origin  during  exposure. 


V ■-» 


■ - . 
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The  modulation  is  derived  in  a similar  manner  to  yield 


E(0)  |R  ||r  I e-e  2^^o''’^r^^ 

M(r)=  1+  K (0) 5 r g 

|r-R  ||?-5  I 

I Q I I ^1 


Eq  (B-21)  has  been  derived  assuming  an  intensity  modulation 
transfer  function  of  unity  for  the  recording  material.  A 
modulation  transfer  function  could  be  included  in  Eq  (B-21) 
if  deemed  appropriate. 

2.  Relation  between  Hologram  Parameters  and  Exposure. 


There  are  two  theories  relating  exposure  to  the  hologram 
parameters  n(r)  and  a(r) . One  is  a linear  response  of  the 
hologram  parameters  to  exposure  and  the  other  is  a saturating 
response  to  exposure.  These  two  theories  are  reviewed  in 
this  section. 

a . Linear  theory. 

In  this  theory,  the  optical  index,  after  processing,  is 
assumed  to  respond  linearly  to  exposure  such  that 


n (r)  = n +y  E(r) 
o n 


(B-22) 


where  is  the  slope  of  the  response  of  the  emulsion  material 
and  is  the  unexposed  index  of  the  emulsion.  Substitution 
of  Eq  (B-16)  into  Eq  (B-22)  yields 


n(r)  = n +y  E,  (r)+v  M(r)cos(j) 
o n b n 


(B-23) 


which  may  be  written  as 


n(r)=n^(r)+An(r)co3(i 


(B-24) 
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where 


and 


An(r)  =Y  M(r) 
n 


(B-25) 


(B-26) 


n (r)  is  the  background  optical  index  of  the  emulsion  after 
b 

processing.  Ari(f)  is  the  index  modulation  which  occurs  in 
the  material. 

Similar  equations  are  assumed  to  hold  for  the  absorption 
coefficient  of  the  material.  These  equations  are 


a (r  )=»  (r  )+Aa  (r)cost|) 


(B-27) 


where , 


(B-28) 


and , 


Aa  (r)  M(r) 


(B-29) 


These  equations  for  the  index  response  of  a holographic 

emulsion  have  been  shown  to  hold  experimentally  for  bleached 

649F  holograms  at  low  exposures  (Ref.  24,25,44).  This  is 

discussed  in  greater  detail  in  Appendix  D,  which  describes 

649F  emulsions.  The  equations  for  the  absorption  coefficient 

response  for  bleached  649F  holograms  have  not  been  verified 

in  the  literature.  Appendix  D contains  a description  of 

/ 

an  experiment  and  results  which  this  author  performed  which 
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verify  !;qs  (B-27)  through  fB-29)  for  low  and  medium 
exposure  values.  Di chroma  ted  gelatin  is  believed  to  respond 
in.  a similar  manner  for  low  and  medium  exposure  levels 
CRef.  6,71. 

At  high  exposure  levels  (^800  inj/cm^)  the  linear  approx- 
imation becomes  invalid.  Saturation  of  the  index  and  absorption 
response  occurs.  The  reasons  are  described  fully  in  Appendix 
n for  silver  halide  emulsions  and  in  Appendix  F,  for  dichromated 
gelatin.  The  next  section  contains  a discussion  of  the 
saturation  equations. 

b . Saturation  theory. 

In  order  to  include  the  effect  of  saturation  Eqs  CB-25) 
and  (B-26)  are  modified  to  be 

'Lbiil 

and 

- 

An(?)=6n  (1-e  ) (B-311 

max 


whe  re 
6n 


D 

n 
i s 


max 

response 

exposure 


is  the  damping  rate  of  the  emulsion  response  and 
the  value  of  index  modulation  to  which  the  index 
of  the  emulsion  as s y mt o t i ca 1 1 y approaches.  At  low 
levels  it  is  related  to  by  the  equation 

5n 


y 


n 


max 

D 


(B-32) 


n 


A- 


!-or  d i I'hroirat  fd  gtlatiii,  (diaii^  has  c- X('c  r i mt- n t a 1 1 y 
It' t c rm  i ned  to  ho 

(i  . S 

l>  = IIS  - I'Oi)  c (i.  i 1 1 1 jr>u  Ic'' I ( K-SS  i 

11 

Where  C is  the  concentration  in  percent  hy  volume  of  di chro- 
ma tc  in  the  emulsion  (Uef.  (r  , ^ . 

Similar  equations  hold  f o i i h t-  s i I c e r h 1 1 1 il  c emulsions 
for  which  C is  the  concent  rat  i nti  in  percent  hy  volume  ol 
1 i V e r h a 1 i tl  e (Ret'.  2 > , _ . 

I'he  equations  foi'  tlie  ai’sorplion  c ot- f f i c 1 1 n t s of  tlio 
processed  emulsion  are  assumed  to  he  of  the  same  form. 

i fr)--  ,ij^(r)+,'.i  (r)cn.s;.  (B-  54) 

- 

a n d 

M |_rj_ 

A a =*  ) (B-.56) 

The  residual  absorption  in  dichromated  gelatin  is  so 
small  that  absorption  can  be  ignored  (Ref.  6,7).  The  residual 
absorption  in  bleached  6491'  holograms  cannot  be  ignored  and 
its  tendency  to  saturate  is  verified  in  Appendix  1). 
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'['he  parameters  N , y . 0 , 5n  , a , v,,  , 0,,  anJ6u 

can  be  measured  for  any  emulsion  and  processing  technique. 
This  determines  tiie  response  of  the  processed  hologram  to 
the  exposure  conditions.  It  now  remains  to  relate  the  wave 
propagation  constant  used  in  the  wave  equation  to  those 
parameters.  This  is  done  in  the  next  section. 

3 . Relation  between  k^(r)  and  material  parameters . 

In  Appendix  A,  the  wave  propagation  constant  for  a 
hologram  was  seen  to  be 


(r)  = [n^  (r) 


in  (r  ) a(r  ) 


(B-37) 


Substitution  of  Eqs  (B-24)  and  (B-34)  into  Eq  (B-37)  yields 


-'<1  [f 


k'^  (r)  =k2  j(nj^+Ancos  ^ 


i (a^^+Ax  cosj)  ) ^ /In^^+Ancos})  ) (x  ,^+  '«  cos;' 
+i 


2rA=i,2  b„  ,, b ^ b b 

1 


'J  (B-33) 


If  the  second-order  terms  An^ , Aa^,  and  AnAa  are  sufficient! 
small,  Eq  (B-38)  becomes 


k^ (r)=k^ (n^ 


‘b2 


1 n 


o"  b 4k‘- 


o 


b \ 2ol  An 

)+k2  coS((>  [2n,  An  -irr^—  + 


(B-39) 


IT 

o 


which  may  be  written  as 


k2(r)  = k2(r)  + k2(r)  coS(J)  (B-40) 

2 I 


where 


lk6 
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Aa 

kf  (r)  = [2n  An  - ^ ^ (n^  Aa  + An)] 

° Ub  o 


(B-41) 


1 


and 


k-^(  rl=k’^(n|^^  (r) 


' 4k-  “ k 


(B-42) 


k2(r)  is  the  average  wave  propagation  coefficient  of 
the  bulk  emulsion.  k (r)  is  the  amplitude  of  the  sinusoidal 

X 

modulation  of  the  wave  propagation  coefficient  which  gives 
rise  to  the  coupling  between  the  waves  which  exist  in  the 
hologram.  The  first  term  in  Eq  (B-42)  results  from  the 
index  modulation  present  in  the  holographic  medium.  Such 
a modulation  produces  a corresponding  modulation  of  the 
phase  of  a wave  passing  through  the  material.  Therefore, 
holograms  of  this  sort  are  called  "phase  holograms". 

The  second  term  in  Eq  (B-42)  results  from  the  absorption 
modulation  present  in  the  hologram  which  also  produces  a 
modulation  upon  the  phase  of  a wave  passing  through  the 
material.  These  types  of  holograms  are  still  called  "phase 
holograms"  even  though  the  source  of  the  phase  modulation 
is  caused  by  absorption.  The  third  term  is  totally  imaginary, 
hence,  it  produces  a modulation  upon  the  amplitude  of  a wave 
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passing  tiirougli  the  material.  These  types  of  liolograms 

It  a VC  come  to  he  known  by  the  misnomer  "absorption  holograms  , 

since  they  typically  require  a rather  high  absorption 

coefficient  in  order  to  achieve  any  coupling. 

4 . Relation  between  the  hologram  parameters  and  the 

Coefficients  of  the  coupled  wave  equations. 

The  following  section  contains  a derivation  of  the 

variable  coefficients  Co.C-i.Qp,  and  Q in  terms  of  material 

- 1 

parameters . 

From  Eqs  (311  and  (381  of  Chapter  III, 


C 

m 


1 r ^ 

2 


k2(r; 


(VI)  1^+iV' 
m 


(B-431 


and 


Q 


m 


i k2(?) 

-2 

^ m 


(B-44) 


For  m = 0 


C 

o 


. k2(rl  - (V$  )2+  jV-Vli 

i r ^ ^0  ' o 


(B-45) 


where 


(B-461 


lh8 


AKAI 


K-,^,  is  the  reconstruction  wave  vector  inside  the  hologram. 
Substitution  of  (B-46)  into  (B-45)  yields 


C = 
o 


k2(r)  - +iV*it 


2c  2c 


‘2c 


k^nj^(r)cos0c 


(B-47) 


w h e r e 


■k  = k^n^Cr) 
2c  c b 


(B-48) 


k^Cr),  given  by  Eq  (B-41)  and  ?2c*^2c>  (B-48)  may 

be  substituted  into  Eq  (B-47)  to  obtain 


c = ■} 

o 2 


nf-  b 
o b — r 


k 7 n 2 


+ i n,  (X,  k -k^n^  + iV'k_ 
b D o c b 2c 

k n,  cos8 
c b c 


(B-49) 


which  can  be  written  as 


C 

o 


k (r) 
o b 

2k  cos  0 
c c 


2k  cos  9 
c c 


nb(7) 


2k  cos  9 
c c 


“b 

‘J 

(B-50) 


where 
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In  a similar  manner,  the  equation  for  C_j  is  obtained  as 
follows,  starting  with  I'q  fB-43)  for  m=  -1, 


C 


- 1 


CV^_ 

^ ■1’.  1 • 2 


(B-52) 


- 1 


= P 


>c"  ^ =^2c'^^2'  ^o; 


(B-53) 


hence 


where 


->• 

K 


(B-54) 


(B-55) 


1 

I 

i 

1 

J 


fC  is  the  fringe  wave  vector  inside  the  emulsion,  which  may 
be  transformed  due  to  processing  as  discussed  in  Appendix  C. 

■V  -*■ 

In  that  case,  K is  replaced  by  K’ , the  transformed  fringe 


fringe  wave  vector-  However,  K will  be  used  in  this  Appendix. 
Substitution  of  (B-54)  into  Eq  (B-52)  yields 


C 


- 1 


(B-56) 


1 
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which  can  he  written  as 


'>1 

^ r i(-j-  -Ak2n^^^+  K-K-2k  Kj+i-,| 


k n,  cos  0 
c t)  c 


fB-57) 


One  comment  about  Eq  (B-57)  is  of  interest.  Ttie  term 

> > > ♦ -+ 
k"K-2k2^‘K  is  contained  in  the  imaginaiy  part  of  C j(r), 

therefore,  as  explained  in  the  text,  it  contributes  to  the 

phase  of  the  d i f f r act  ed  wave . Furthermore,  it  is  dependent 

upon  the  reconstruction  wave  vector  angular 

relation  to  the  fringe  wave  vector  K.  The  condition  for 

phase  matching  (synchronization)  between  the  incident  wave 

and  the  diffracted  wave  is  obtained  by  equating  the  imaginary 

parts  of  and  C_^  which  yields 


K-K  - 2k2^-K  = fi[Ak2nj^2 — ^ 


(B-58) 


where 


"2cz  (B-59) 

Eq  (B-58)  is  the  condition  for  phase  synchronization  between 

the  incident  wave  and  the  diffracted  wave.  By  performing  the 
dot  product  in  Eq  (B-58),  it  is  seen  that  there  is  a cone  of 
angles  for  which  phase  matching  occurs,  defined  by  the  relation, 


cos(k2^,K): 


(B-tO) 
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r 


. I 


where  defines  the  angle  between  the  reconstruction 

wave  vector  and  the  fringe  wave  vector  at  which  phase 

synchronization  should  occur.  Eq  (B-60)  is  a generalized 

-+  ► 

Bragg  condition  and  (k2^,.K)  is  a generalized  Bragg  angle. 

It  is  seen  that  for  the  special  case  of  reconstruction 

with  the  construction  wave  length  (Ak^O)  and  in  a lossless 
a 2 

medium  ( b=0) , that  Eq  (B-60)  reduces  to 


^’^2c’  = 2ir^ 


fB-bl) 


L 

c b 


Eq  (B-61)  is  the  standard  equation  for  the  Bragg  angle  such 
that  (kj^,.?)  = BBragg. 

In  a similar  manner,  by  forcing  phase  synchronization 
between  the  incident  light  and  the  mth-order  diffracted 
light,  a general  equation  for  the  mth-order  Bragg  angle  can 
be  obtained.  By  equating  I(Co)  and  I(Cm)  one  obtains 


(B-62) 


[mth  order), 

cos(9„'  )=  7 

Bragg  OL 

m I K |2fn[Ak2n^2-  — - — j 

- 2 k Q n b 1 1\  I 

For  reconstruction  wave  vectors  along  the  mth-order  Bragg 
aqgle,  given  in  Eq  (B-62)  an  appropriate  set  of  two  couple 
wave  equations  can  be  obtained  as  was  done  in  the  main  text 
for  the  ra=-l  order  condition. 

The  relationship  Q^.and  Q ^and  the  material  parameters 
may  be  derived  in  a similar  manner  as  that  for  the  Cn?s . 
Using  Eq  (B-44)  and  (B-42)  it  is  seen  that 
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- ’0 


.1« 


Qo(r)  =- 


‘ (nj^Aa.  .j^Anj) 

o o 

Ik  n , c o s 9 
c b c 


f li-63) 


a n d 


F V 
b • 

r 


Q.j(rl  = 


* 'dT^  (njjA  a+ Oj^An)  ] 


4 (k  n,  cos  9 - K 4 
c b c z' 


f B-64 ] 

*^0  !*nd  j^are  the  coupling  coefficients  of  the  coupled  wave 
equations.  It  is  observed  from  these  equations  that  coupling 
can  occur  due  to  index  modulation  (An^O  ) and  for  absorption 
modulation  ( Aaj^O)  for  a material. 

The  equations  for  and  C_^,  Eqs  (B-SO)  and  (B-57), 
respectively,  are  used  in  various  locations  thro u out  the 
text.  These  equations  serve  to  relate  the  coefficients  of 
the  coupled  wave  equations  to  the  material  parameters 
*jj.Ai^,  n^  and  An Also  these  equations  for  and  C ^ 
have  been  shown  to  relate  the  reconstruction  wave  vector  to 
the  coupled  wave  equations,  thus,  accounting  for  changes  in 
reconstruction  wave  vector  position. 

In  Appendices  D,  E and  F the  material  parameters 


1.  , 1.J  , n, 


and  An  are  related  to  the  exposure  conditions. 


This  will  complete  the  loop  between  the  formation  conditions 
of  the  hologram  and  its  reconstruction  conditions. 


153 


AFAL-TR-76-270 


APPKNDIX  C 

THE  TRANSFORMATION  TO  ACCOUNT  FOR  CHANGES 
IN  THICKNESS  OF  THE  EMULSION  DURING  PROCESSING 

The  intensity  distribution  formed  by  the  interference 
of  the  object  and  reference  waves  is  used  to  exjiose  the 
emulsion.  This  induces  a latent  fringe  pattern  into  the 
emulsion.  This  fringe  pattern  is  represented  by  the  fringe 
wave  vector  derived  in  Appendix  A. 

Since  the  latent  fringes  are  actually  a part  of  the 
emulsion,  any  motion  of  the  emulsion  with  respect  to  the 
substrate  during  the  processing  shifts  the  latent  fringe 
structure.  Consequently,  the  hologram  fringe  structure  after 
processing  may  not  be  identical  to  the  latent  fringe 
s true  ture . 

This  difference  is  accounted  for  theoretically  by  a 
transformation  of  the  latent  fringe  wave  vector  t.  to  the 
hologram  fringe  wave  vector  K',  by 

K'  = IK  (C-1) 

T is  the  transformation  matrix  which  accounts  for  changes  in 
the  emulsion  caused  by  processing. 

The  predominate  effect  upon  the  emulsion  due  to  pro- 
cessing is  a change  in  thickness.  Some  development  processes 
cause  the  emulsions  to  swell  due  to  absorption  of  liquids, 
others  cause  shrinkage  due  to  fixing  and  hardening.  These 

15<* 
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effects  uvc  il  escribed  in  Appcii  J i >;  I)  tor  the  silver  halide 
emu  Is  ions  and  in  Appendix  h for  di  eiiioinated  gelatins. 

Since  the  emulsion  is  attached  to  the  substrate  by  an 
extremely  strong  adhesive,  lateral  motion  of  the  emulsion 
can  be  ignored  except  near  the  edges  of  the  plate.  In  most 
cases,  ihe  liolugrani  is  constructed  near  the  center  of  the 
photographic  plate,  therefore,  tiie  changes  in  the  emulsion 
due  to  processing  may  be  described  simply  as  a change  in 
thickness. 


I'he  geometry  of  tlie  change  in  fringe  structure  caused 
by  an  expansioii  is  shewn  in  Figure  (C-1).  From  this  geometr>' 
the  transformation  for  an  emulsion  thickness  change  is  derived 


Figure  C- 1 . Fringe  Change  for  Expansions 

d '=  expanded  thickness,  d = emulsion  thickness  during  exposure 
V = spatial  fringe  frequency  in  y direction,  spatial 
fringe  frequency  in  z direction.  A',  is  the  spatial  frequency 
of  the  expanded  fringes  in  the  z direction. 
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Starting  with  t li  f equation 


K 


k a'*  k V + K 
X y ' 


(C-2) 


where 


(C-  3] 


K = 

y Ay 

K - (C:-51 

2 

and  because  the  expansion  or  shrinkage  is  only  in  tlic  z 
direction,  it  is  seen  that 


K' 


X 


K ' 


(C-6) 


(C-7-) 


and 

Ax,  Ay,  and  Az  are  the  latent  fringe  spatial  trequencies 
along  the  x,  y,  and  z coordinate  directions.  Eqs  (C-6) 
and  (C-7)  are  a consequence  of  no  lateral  expansion.  There 
fore,  the  transformation,!,  is  given  by. 


S A 


(C-8) 


T = 


’l  0 0 ‘ 
0 1 0 
0 0 1 


(C-9) 
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where  S is  tl>e  chanpe  in  thickness  factor  defined  by 


d'  = .S^d  fC-)0) 

The  effect  of  thickness  changes  is  inserted  into  the 
theory  derived  in  the  main  body  of  the  dissertation  through 
the  variable  coefficient  Eq  (31],  which  was  determined 

in  Chapter  [IT  to  be 

•• 


7 .4  -2 


w li  e r e 


<p  = p.  *-m  ( p p 
m 2c  r2  o2 


(14) 


fC-1  1) 


7 p =Vp  +m('v  p P t) 

^2c  r ^ 


r2  '^02- 


(C-12) 


but  the  gradient  of  the  phase  is  the  wave  vector,  which 
implies 


k„  = k , + m (K) 
m c 2 


(C-13) 


K 


(C-14) 


In  order  to  account  for  thickness  changes,  K is  replaced  by 

I 

K 


= k 


c2 


niK  ' 


(C-15) 


Where  ^ represents  the  wave  vector  of  the  hologram  fringes 
defined  by  Eq  (C-  1 ) . 
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APRRNUIX  i) 

CHARACTERISTICS  OF  KODAK  649-F  BLEACHED  SILVER  HALIDE  HOLOGRAMS 


The  purpose  of  this  appendix  is  to  summari ze  the  effects 
of  exposure  and  processing  upon  bleached  silver  halide  hol- 
ograms. It  is  shown  that  changes  in  the  thickness,  optical 
index,  and  absorption  occur  due  to  processing. 

In  this  appendix,  the  characteristics  of  Kodak  649-F 
holograms  are  discussed  and  the  processing  procedures  used 
in  this  dissertation  are  presented.  The  exposure  and  image 
formation  process  is  reviewed.  The  development  of  silver 
halide  is  discussed,  and  the  specific  processes  of  (1) 
development,  (2)  stop  bath,  (3)  fixing,  (4)  washing,  and 
(5)  bleaching  used  in  this  work  are  described.  It  is 
shown  that  these  processes  change  the  thickness,  optical 
index,  and  absorption  coefficient  of  the  emulsion  as 
compared  to  their  values  during  exposure. 

Experimental  measurements  of  the  optical  index,  the 
absorption  coefficient,  and  the  thickness  of  Kodak  649-F 
holograms  are  presented  in  Appendix  F. 

1 . Kodak  649-F  Emulsion. 

The  Kodak  649-F  emulsion  is  composed  of  a gelatin  in 
which  are  colloidally  suspended  silver  halide  crystals, 
usually  silver  bromide,  along  with  a small  percentage  of 
other  silver  halides  and  sensitizers.  The  gelatin  has  an 
optical  index  of  1.535  for  Kodak  649-F  plates  (Ref.  24) 
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and  the  silver  bromide  optical  index  is  2.25.  A typical 
emulsion  contains  20-40%  by  weight,  5-10%  by  volume  of 
silver  halide  (Ref.  8),  but  the  specific  amount  is  not 
generally  known. 

The  emulsion  used  in  this  work  is  held  on  an  optically 
flat  .040  inch  thick  glass  substrate  by  a layer  of  adhe- 
sive. Measurements  of  the  emulsion  thickness  before  and 
after  processing  are  presented  in  the  experimental  section 
of  Appendix  F. 

The  following  sections  describe  what  happens  to  this 
emulsion  during  exposure  and  development. 

2 . Exposure  and  Image  Formation . 

Exposure  to  light  causes  a change  in  the  grains  of 
silver  halide  suspended  in  the  emulsion.  This  change  is 
regarded  as  the  addition  to  the  grain  of  a "latent  image” 
in  the  form  of  an  aggregate  of  silver  atoms,  perhaps  as 
few  as  two  to  four  atoms  (Ref.  33).  The  change  is  latent 
in  the  sense  that  no  visible  change  in  the  film  is  observed, 
but  the  probability  that  a chemical  change  will  occur  upon 
development  of  the  grain  is  great. 

The  latent  image  undoubtedly  arises  due  to  surface 
imperfections  and  surface  impurity  sites  (Ref.  33).  The 
absorption  of  the  light  forms  electron  - hole  pairs  in  the 
silver  halide  which  somehow  combine  with  the  silver  ions  and 
other  impurity  metal  ions  in  combination  with  pre-existing 
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electron  traps.  The  c 1 ecr  roii- ho  1 e pairs  drift  to  impurity 
or  lattice  imperfections  to  form  aggregates  of  silver  or 
other  metallic  impurities  and  release  of  halogens  (Ref.  331. 

The  physical  process  is  described  by  two  competing 
theories:  (IJ  the  Gurney-Mott  theory  and  (2)  the  Mitchell 

theory.  The  theories  are  similar  except  for  the  order  in 
which  the  processes  occur. 

In  the  Gurney-Mott  theory  electrons  in  the  conduction 
band  are  thought  to  be  free  to  move  about  the  crystal. 

These  electrons  are  provided  by  absorption  of  light  on  or 
near  the  crystal  surface.  They  are  momentarily  trapped 
at  a lattice  defect  or  impurity  site  on  the  crystal  surface. 
Thus,  the  first  process  to  occur,  according  to  this  theory, 
is  trapping.  The  electron  is  temporarily  localized  by  the 
trap.  The  second  step  is  migration  of  a mobile  silver  ion 
to  this  center  and  it  combines  with  the  electron  to  form 
ah  atom  of  silver.  Because  the  trap  is  shallow,  the 
electron  may  randomly  escape  the  trap  due  to  thermal  energy 
and  return  to  the  free  state  prior  to  migration.  Eventually, 
on  the  average,  the  electron  will  remain  trapped  long 
enough  to  be  joined  by  a silver  ion.  The  single  atom  is 
not  stable,  but  will  decompose  again  into  a silver  ion  and 
free  electron,  thus,  the  cycle  of  trapping  and  silver  for- 
mation is  cyclic  during  exposure.  The  silver  atom  acts  as 
an  electrode  to  attract  electrons.  With  the  arrival  of 
a second  silver  ion,  a stable  two-atom  nucleus  of  molecular 
silver  is  formed.  Therefore,  the  third  and  fourth  steps 
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are  trapping  and  ionic  motion  resulting  in  nucleation  of 
molecular  silver.  Only  after  nucleation  is  the  process 
not  reversible  f R e f . .i  . 5 ) . 

The  Mitchell  theory  supposed  that  existing  traps  must 
first  be  deepened  by  the  proximity  of  a mobile  silver  ion. 
The  electron  arrives  at  the  trap  either  with,  or  after, 
the  silver  ion,  and  togetlier  they  form  a silver  atom  at 
once,  without  a further  ionic  step.  The  simple  silver 
atom  cannot  act  as  a trap  for  a second  photo  electron,  but 
must  first  acc|uire  a second  silver  ion.  If  an  elect  i- on 
arrives  before  the  escape  of  the  second  silver  ion,  a 
stable  silver  speck  is  formed  (Ref.  35). 

Therefore,  the  basic  differences  between  the  two 
tlieories  involve  the  depth  of  the  traps  and  the  sequence 
in  the  arrival  of  particles. 

Regardless,  once  a stable,  two  atom  speck  is  formed, 
its  growth  occurs  by  repeated  migration  to  the  speck  of 
photo  electrons  and  mobile  silver  ions.  For  our  purpose, 
it  is  not  important  to  know  any  more  detail  about  the 
photo  chemical  processes  but  only  that  the  latent  image  is  n 
silver  speck  of  a few  atoms. 

The  development  process  depends  upon  the  fact  that  the 
latent  silver  with  a minimum  size  of  only  a few  atoms  acts 
as  the  catalyst  for  the  development  of  the  entire  grain 
(Ref.  16).  For  this  reason,  changes  in  developed  grain 


AKA!.-TT<-76-r7ii 


n I'.iIuT  JensiTv  iletcTniine  the  eventual  optical  dcnsit)’  of 
i photograph.  In  general,  for  any  given  development  prog’es'- 
the  size  of  the  developed  grains  varies  only  slightly. 

Since  only  two  to  four  photons  are  required  to  form  a latent 
image,  the  response  of  the  developed  film  to  exposure  ex- 
hibits almost  no  threshold  effects. 

3 . ^e ve lopment . 

Two  kinds  of  development  processes  have  historically 
been  acknowledged  (Ref.  33).  These  two  kinds  are:  (1) 

chemical  or  direct  development  and  (2)  physical  development. 
The  two  processes  differ  only  in  the  source  of  silver  from 
which  the  latent  silver  speck  grows  during  development. 

If  the  source  of  the  silver  is  from  the  solid  silver  halide 
crystal  on  which  the  latent  image  resides,  then  this  is 
called  direct  or  chemical  development . If  the  source  of 
silver  is  from  a silver  salt  results  from  dissolving  the 
silver  halide  grains  in  the  emulsion,  the  process  is  called 
physical  development  (Ref.  16).  A misnomer  arises  because 
"chemical  development"  is  no  more  chemical  than  is  "physical 
development"  (Ref.  33). 

The  two  development  techniques  usually  result  in 
different  developed  particle  sizes  and  shapes.  When  the 
developer  is  a weak  solvent  for  silver  halide  and  contains 
no  additional  silver  salts,  the  major  portion  of  development 
occurs  in  a reaction  at  the  interface  between  the  latent 
silver  nucleus,  the  developer,  and  the  remaining  silver 
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halide  crystal.  Initially,  the  graiti  develops  nearly 
uniformly  and  spherically.  As  d e v e 1 o ji m e n t proceeds,  the 
specks  elongate  into  thickened  filaments  (Ref.  16). 

When  the  same  emulsion  is  developed  in  a developer 
that  contains  a soluble  silver  salt  or  that  has  a solvent 
for  silver  halide,  then  a mixture  of  chemical  and  physical 
developments  occurs.  In  general,  if  physical  development 
dominates,  the  developing  latent  silver  speck,  being  uni- 
formly surrounded  with  silver  ions,  grows  spherically  or 
in  some  regular  crystalline  shape  (Ref.  .i3).  Any  number 
of  speculative  proposals  have  been  made  about  the  mechanism 
which  leads  to  the  specific  shape  and  size  of  the  developed 
silver  grain,  hut  none  has  been  completely  verified  exper- 
imentally (Ref.  16).  There  are  two  general  viewpoints, 
both  of  which  have  been  partially  verified  by  experiment: 

(1)  Development  is  an  e 1 ec t ro- chemi ca 1 process  in 
which  the  latent  image  and  developing  silver  act  as  an 
electrode-  the  process  is  auto-catalytic. 

(2)  The  other  emphasizes  the  importance  of  a(’sorption 
and  assumes  the  reduction  is  propagated  as  a catalytic 
reaction  at  the  triple  interface  between  silver,  silver 
halide,  and  developer  (Ref.  16). 

Both  concepts  can  be  interpreted  as  extensions  of  the 
Gurney- Mott  or  the  Mitchell  latent  image  theories,  with  the 
electrons  being  supplied  by  the  developer  rather  than  by 
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:ibsorption.  In  general,  tlie  electro ilc  mechanism  is  less 
successful  than  the  absorption  mechanism  in  accounting  for 
the  kinetics  of  development.  It  is  possible  that  the  triple 
interface  mechanism  (ad.sorption  mechanism)  dominates  in  the 
early  stages,  when  the  latent  image  nucleus  is  too  small 
to  be  an  effective  electrode  and  the  semi-conductor  proper- 
ties of  the  crystal  dominate.  The  electrode  mechanism  is 
more  important  in  the  later  states  (Ref.  16).  The  search 
for  the  cause  of  filament  formation  in  chemically  developed 
emulsion  is  an  elusive  problem  to  date. 

4.  Development  of  6 49-F  in  11 -19.  The  Kodak  649-F 
hologram  is  most  commonly  developed  in  D-19.  This  section 
contains  a description  of  the  characteristics  of  the  con- 
stituents in  D-19  in  order  to  get  a better  understanding 
of  the  effects  of  development  upon  the  physical  and  optical 
characteristics  of  the  emulsion.  D-19  consists  of  the 


f 0 I lowing 

compound‘d  : 

(1) 

Water  [50*]500cc 

(2) 

E 1 on  2.0  grams 

(S) 

Sodium  Sulfite  90.0  grams 

f4) 

Hydroquinone  8.0  grams 

f5) 

Potassium  Bromide  5.0 

grams 

(6) 

Sodium  Carbonate  52.5 

g rams 

(7) 

Cold  water  to  make  1.0 

liter 

l6lt 
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Elon  and  hydroquinone  are  common  reducers  or  developers. 
The  sodium  sulfite  is  a weak  solvent  for  silver  halide  and 
a preserver.  It  reacts  with  oxidized  developer  so  that 
the  development  process  does  not  reverse  by  oxidation  of 
silver  to  silver  ions.  The  potassium  bromide  decreases  the 
fog  rate  and  also  decreases  the  rate  of  growth  in  lower- 
exposure  regions.  These  effects  were  first  pointed  out  by 
Murter  and  Drifield  (Ref.  33). 

The  halide  ion,  potassium  bromide, can.  influence  the 
development  in  several  ways.  Excess  halide  is  adsorbed  and, 
thus,  interferes  with  the  developer.  Further,  this  decreases 
the  thermodynamic  activity  of  the  silver,  which  may  be 
particularly  important  in  fog  reduction.  The  ion  also 
reduces  the  rate  of  solution  of  the  silver  halide  in  the 
developer  causing  a more  direct  development. 

Sodium  carbonate  is  an  alkali  to  control  the  pH  of 
the  solution  (Ref.  33). 

The  constituents  of  D-19  indicate  that  is  is  very  close 
to  a direct  developer,  but  the  presence  of  a weak  silver 
halide  solvent  (sodium  sulfite)  implies  that  a small  degree 
of  physical  development  occurs.  Therefore,  the  shape  of  the 
developed  silver  grains  should  be  nearly  spherical  and 
non- f i 1 amentary . Indeed,  the  size  of  the  developed  grains 
has  been  measured  by  Chang  to  be  about  50oX  and  the  shape  has 
been  determined  to  be  a slightly  elongated  sphere  (Ref.  8). 
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The  Stop  Bath.  The  stop  bath  is  usually  an  acid 


5 . 

rinse  designed  to  neutralize  any  alkaline  developer  remaining 
in  the  emulsion.  It  rapidly  lowers  pH  to  a level  at  which 
development  ceases  (Ref.  33).  It  can  be  preceded  by  a 
quick  rinse  in  water  to  reduce  the  effect  of  pH  shock 
changes  on  the  emulsion  gelatin  (Ref.  33).  It  further 
serves  to  preserve  the  acidity  of  the  fixing  bath  (Ref.  33). 
The  stop  bath  used  in  this  work  was  acetic  acid. 

6.  Fixation.  The  purpose  of  the  fix  is  to  remove  all 
of  the  undeveloped  silver  halide  and  sensitizer  from  the 
emulsion  so  that  further  exposure  and  darkening  does  not 
result.  The  silver  halides  are  only  very  slightly  soluble 
in  water,  so  the  fix  must  create  a soluble  silver  salt 
which  can  be  removed  by  washing. 


The 

following  fixing  mixture 

was  used 

0.  ■ 

Water 

60 

cc 

1 . 

Sodium  Thiosulfate 
(Hypo) 

240 

grams 

2 . 

Sodium  Sulfite 

15 

grams 

3. 

Acetic  Acid  (28%) 

48 

cc 

4 . 

Boric  Acid 

7.5 

grams 

5. 

Potassium  Alum 

15 

grams 

6 . 

Cold  water  to  make 

1 

liter 
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The  fixing  reaction  proceeds  as  follows, 
water 

Na2(S20j)  - > 2Na-"  + S,0^ 

-3  - 

AgBr+2S20  ^ Ag(S20^l2  + Br 

3Na^+(Ag(S^O^)2)’^->  Na3  (Ag  (S^O^) 

Naj ( Ag (S2O3) 2 ) is  silver  thiosulfate  and  is  soluble  in  water 
It  is  removed  by  washing. 

The  concentration  of  hypo  must  be  kept  high  so  that 
Ag(S03)  exists  only  in  a transitory  role  because  the  complex 
NaAg(S-0.)  is  not  soluble  in  water.  Thiosulfate  attacks 
metallic  silver  chemically  in  the  presence  of  any  dissolved 
oxygen,  oxidized  developer,  or  other  oxidizing  agents.  The 
sodium  sulfite  is  added  to  reduce  these  reactions.  The 
acetic  acid,  boric  acid,  and  potassium  alum  are  hardeners. 
The  sodium  sulfite  prevents  the  decomposition  of  thiosul- 
fate by  the  acids.  Potassium  alum  ( A1 ^ (SO^ ) ^ K2S0^ - ch 1 or i de ) 
is  a hardening  agent.  The  hardening  process  is  presumably 
due  to  a reaction  of  Al'*”^'*  ions,  free  or  adsorbed  hydrous 
alumina,  and  the  COO"  groups  of  the  gelatin,  forming  cross 
linkage  between  chain  molecules.  This  shrinks  and  hardens 
the  gelatin.  The  degree  of  hardening  depends  on  the  pH 
of  the  solution  determined  by  the  concentration  of  the 
acid,  sulfite,  and  alum  (pH  4-6  required)  (Ref.  35).  Boric 
acid  increases  the  useful  hardening  life  of  potassium  alum 
baths  and  reduces  sludge  (Ref.  35). 
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7 . Washing . The  washing  removes  the  soluble  thio- 
sulfate, the  hypo,  and  other  substances  from  the  emulsion. 
This  wash  is  critical  since  the  unremoved  compounds  will 
degrade  the  hologram  quality.  It  is  in  the  washing  stage 
that  most  of  the  silver  halide  not  changed  to  silver  is 
removed.  This  leaves  gaps  in  the  emulsion.  These  gaps 
are  reduced  by  further  shrinkage  of  the  emulsion.  The  two 
major  sources  of  shrinkage  are  hardening  and  removal  of  a 
silver  halide.  Clearly,  the  fixer  and  associated  washing 
have  the  most  pronounced  effect  upon  the  emulsion  in  terms 
of  shrinkage  and  changes  in  the  optical  properties  of  the 
emul s ion . 

8.  Bleaching.  After  washing,  the  development  process 
is  finished.  The  emulsion  contains  an  image  of  the  inter- 
ference pattern  between  the  object  and  reference  waves. 

This  image  is  composed  of  metallic  silver  embedded  in  the 
emulsion.  Because  of  the  strong  absorption  of  metallic 
silver  the  hologram  diffraction  process  is  very  inefficient 
In  order  to  increase  the  efficiency  of  the  hologram,  bleach 
ing  the  silver  image  is  required.  The  bleaching  process 
used  in  this  dissertation  is  described  in  the  literature 
(Ref.  29).  The  bleaching  changes  the  metallic  silver  to 
silver  bromide,  leaving  non-soluble  cuprous-bromide  in  the 
emulsion.  Therefore,  the  result  is  a dielectric  hologram 
with  transparent  silver  bromide  particles  forming  the 
fringe  structure  in  the  hologram. 


i 
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9.  Conclusions . i'hc  thickness  and  optical  proiicrties 
of  bleached  Kodak  649-F  holograms  are  significantly  dif- 
ferent from  those  properties  prior  to  processing. 

Development  changed  the  silver  halide  to  silver. 

Fixing  removes  all  of  the  undeveloped  silver  halide,  leaving 
the  silver  image.  Fixing  has  caused  a shrinkage  of  the 
emulsion.  This  changes  the  optical  index  by  removing 
particles  of  optical  index  2.25  in  unexposed,  undeveloped 
regions.  Since  the  exposure  is  periodic,  equal  areas  of 
light  and  dark,  it  is  expected  that  almost  50%  of  the 
silver  halide  is  unexposed.  Therefore,  the  index  is 
s i gn i f i can t 1 y reduced  from  the  index  during  exposure  when 
all  of  the  silver  halide  particles  were  present. 

The  bleaching  converts  the  image  from  silver  to  silver 
halide. 

It  is  expected  that  the  development  process  used  on 
Kodak  649-F  should  cause  a shrinkage,  change  the  optical 
index,  and  change  tlie  loss  coefficient  of  the  material  from 
the  values  prior  to  processing.  These  conclusions  are 
experimentally  verified  in  Appendix  F. 
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CIIARACTKRISTICS  OF  D 1 CHROMATE I)  GELATIN  HOl.OGRAMS 

The  purpose  of  this  appendix  is  to  review  some  current 
thought  on  the  processes  which  occur  in  diciiromated  gel- 
atin and  to  present  some  results  of  the  raeasurenient  of  tlie 
optical  index  modulation  response  to  exposure  for  dichro- 
mated  gelatin. 

Dichromated  gelatin  is  a photographic  emulsion  (Ref. 
10,1  1,12,23,  31,34)  in  which  a water  solution  of  a dichroniate 
salt,  such  as  ammonium  dichromate  [ ( NH^ ) .,  Cr  ^ G ^ ] is 
allowed  to  saturate  a gelatin  and  dry.  This  emulsion  is 
then  exposed  and  processed  to  become  a hologram. 

The  exact  mechanism  of  hologram  formation  in  dichro- 
mated gelatin  is  poorly  understood.  Curran  and  Shankoff 
(Ref.  11)  have  hypothesized  that  swift  dehydration  during 
processing  the  water  swollen  gelatin  layer  by  iso propanol 
causes  large  strains  between  unhardened  (or  unexposed) 
regions  and  hardened  (or  exposed)  regions.  This  strain 
causes  the  gelatin  to  crack  along  fringe  planes  where 
pho to- i ni t i a t ed  cross-linking  has  caused  hardening  of  the 
gelatin  layer.  It  is  further  postulated  that  the  refrac- 
tive index  differential  between  the  air  in  the  crack  in 
the  gelatin  creates  the  large  refractive  index  modulation 
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Chang  has  iRcf.  f> , 7 ) experimentally  determined  the 

optical  index  modulation  response  of  dichromated  gelatin 

to  exposure  for  a transmission  hologram  to  be 

_ f 

A n = A n ( 1 - e J f F - 1 1 

111  a X l r.  1 j 


Chore  An  is  the  maximum  possible  index  modulation,  b 
is  the  total  exposure  (millijoules/cra^)  and  D is  the 
rapidit}  of  decay  in  the  exposure  sensitivity.  ^ti  and 

D are  greatly  affected  by  processing  conditions.  Under  a 
given  processing  condition,  however,  they  are  only  depen- 
dent on  the  concentration  of  the  sensitizer  solution. 

'hang,  under  a controlled  processing  condition,  determined 

An  and  D which  are  given  by 

rn  ti  X 

c 

'6.5 


0 = 95+200  e (millijoules/cm^)  (E-2) 


and 

c 

^"nax  " 0-064  (1-e  ^ ° ) (E-3) 


where  C is  the  concentration  of  sensitizer  solution  in 
percent.  Chang  used  Kogelnik's  theory  to  determine  D.  He 
hypothesized  that  for  E<<D  that  a linear  response  of  optical 
index  modulation  to  exposure  should  occur  such  that 

Aii'yE  (E-4) 

n 

Therefore,  D can  be  determined  from  (E-1)  and  (E-4)  by 
working  backwards  through  the  kogelnik  theory  for  several 
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values  of  diffraction  efficiency  in  the  low  exposure 
regions.  The  optical  index  modulatio'i  response  of  dichro- 
ma t e d gelatin  to  exposure  measured  by  Chang  ( H e f . 6,7) 
is  used  in  the  theory  discussed  in  the  result  section  of 
Chapter  V . 

Hardened  dichromated  gelatin  is  a dielectric  material 
that  is  essentially  lossless  after  development  and  as  a 
result,  volume  holograms  made  from  this  material  are  very 
efficient.  Consequently,  the  absorption  coefficient,  and 
absorption  modulation  can  be  assumed  to  be  zero.  ihe  bulk 
optical  index  after  processing  is  also  independent  of 
exposure.  Another  interesting  characteristic  of  the  dichro- 
mated gelatin  hologram  is  the  reprocess  ibi  1 i t>- ; the  optical 
index  modulation  of  processed  holograms  can  be  either 
enhanced  or  diminished  b\'  redeveloping  with  a proper  simple 
post-processing  technique  fRef.  t). 

The  thickness  of  a processed  dichromated  gelatin 
hologram  strongly  depends  on  the  concentration  of  sensitizer 
solution,  the  relative  humidity  and  temperature  of  processing 
room,  and  exposure  level.  Under  the  controlled  environ- 
ments (■  i . c . , relative  humidity  40%  and  temperature  75%F), 
the  thickness  of  the  holograms  is  generally  swollen.  How- 
ever, the  relative  swelling  decreases  as  cither  the  con- 
centration of  sensitizer  solution  or  the  exposure  increases. 
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The  thickness  chnnge  of  dichromated  gelatin  holograms 
as  a function  of  not  only  a number  of  processing  para- 
meters but  also  hologram  types  is  a rather  complicated 
problem.  But  the  thickness  of  dichromated  gelatin  hologram 
can  be  controlled  by  either  baking  over  a hot  plate  or 
drying  in  a vacuum  chamber. 
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APPENDIX  P 

EXPERIMENTAL  RESULTS  FOR  THE  LOSS  COEFFICIENT, 

OPTICAL  INDEX,  AND  THICKNESS  OF  BLEACHED  KODAK  694-F  EMULSION 

Two  experiipents  performed  by  this  worker  are  presented 
in  this  appendix:  (I)  the  measurement  of  the  loss  coefficient 

of  bleached  649-F  emulsion  as  a function  of  exposure,  and 
(2)  the  measurement  of  the  thickness  of  undeveloi>ed  and 
unbleached  649-F,  of  developed  and  unbleached  649-F,  and 
of  developed  and  bleached  649-F.  The  results  of  a third 
experiment  performed  by  Williamson  (Ref.  44)  are  presented 
for  the  measurement  of  the  optical  index  of  refraction  of 
bleached  649-F  emulsion  as  a function  of  exposure.  The 
purpose  of  these  experiments  was  to  verify  the  theoretical 
assumptions  made  in  this  dissertation  as  to  the  response 
of  bleached  649-F  to  exposure  and  to  determine  the  amount 
of  change  in  thickness  occurring  in  649-F  emulsion  due  to 
processing. 

1 . Measurement  of  the  Loss  of  Bleached  649-F  Emulsion. 
Five  plates  of  649-F  Kodak  emulsion  were  exposed  to  a Helium- 
Neon  Laser  intensity  source  as  shown  in  Figure  F-l. 


Figure  F- 1 . Exposure  of  649-F  Plates 

The  pin-hole  beam  expander  provided  a uniform  source  of 
light  to  expose  the  step-wedge  and  film.  A ground  glass 
screen  was  used  to  disrupt  the  spatial  and  temporal  coher- 
ence of  the  laser  in  order  to  obtain  a more  uniform  exposure. 
The  variance  of  intensity  in  the  uniform  region  was  less 
than  3%.  A Kodak  calibrated  transmission  step-wedge 
(Catalog  Number  152-3422)  was  used  to  vary  the  exposure 
on  the  649-F  emulsion  so  that  a range  of  known  exposures  could 
be  photographed  on  each  of  the  five  plates.  By  varying  the 
choice  of  steps  used  and  by  varying  the  shutter- timer , the 
exposure  was  changed  over  a range  from  4 mi 1 1 i j oul e s/cm^ 
up  to  2500  mi  1 1 i j oul es/cm^ . 

After  exposure,  the  plates  were  processed  and  bleached 
according  to  the  procedures  discussed  in  Appendix  D.  Plates 
#1,  #2,  and  #3  were  processed  on  one  day  and  plates  #4  and  #5 
were  processed  three  weeks  later  in  the  same  manner. 
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In  order  to  measure  the  loss  of  each  plate  a^^a  func- 
tion of  exposure,  the  transmission  of  each  step  was  measured 
using  a 401-C  Spectra  Physics  calibrated  laser  power  meter 
(Accurate  to  +10%,  precise  to  mi  1 1 i j on  1 ei . The  laser 
beam  width  was  less  than  the  width  of  the  photograph  steps. 
From  the  measurement  of  the  laser  power  transmitted  through 
each  wedge  and  from  a measurement  of  the  incident  power, 
the  loss  coefficient  (1-transmission)  as  a function  of 
exposure  was  determined.  This  loss  includes  the  Fresnell 
losses,  absorption  and  scattering. 

The  loss  coefficient  as  a function  of  exposure  is 
presented  in  Figure  F-2.  It  is  concluded  by  observation 
of  the  data  in  Figure  I' - 2 that  the  loss  coefficient  of  the 
bleached  649-F  emulsion  is  proportional  to  the  exposure  for 
a significant  exposure  region,  but  that  saturation  occurs 
at  the  higher  exposures. 
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2.  The T li  i c k n e s s Measurement.  In  order  to  irieribure  the 

thickness  change  due  to  the  processing  of  Aie-k  einolsion, 
the  thickness  of  the  emulsion  was  measur»“d  using  a scaTiui'iy 
electron  microscope  (Sf:M). 

Several  plates  of  undeveloped  649-F  emulsion  were 
broken  by  impact  using  an  awl  and  hammer.  Sn:all  sample-' 
of  the  fractured  plates  were  collected  which  had  clean 
edges.  The  clean  edges  resulted  from  the  propagation  of  a 
fracture  away  from  the  point  of  impact  of  the  awl.  Similar 
samples  were  taken  of  developed  and  unbleached,  and  devclopi 
and  bleached  649-F  emulsion. 

Each  sample  was  coated  with  a lOOA  layer  of  gold  in  a 
sputter  chamber  and  mounted  using  an  electrically  conductivi. 
cement  in  the  electron  microscope  chamber.  The  sample  could 
be  rotated  until  the  emulsion  could  be  observed  from  a point 
of  view  normal  to  the  fracture  edge.  Figure  I - shows  a 
Polaroid  photograph  of  a sample  of  bleached  649-F  emulsion 
taken  from  the  TV  screen  of  the  SEM.  The  emulsion,  includi’g 
an  adhesive  layer,  and  the  glass  substrate  are  clearly 
visible . 
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Figure  F-3 . Bleached  649-F  Emulsion  Magnification  2750X. 

By  observing  several  samples  at  different  positions,  a 
variety  of  thickness  measurements  were  taken  of  both  devel- 
oped and  bleached,  developed  and  unbleached,  and  unexposed, 
unprocessed  649-F  emulsion.  Table  F-I  presents  the  data  for 
these  three  cases. 
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TABLE  F- 


Develooed  and  Bleached  649-F 
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It  is  concluded  that  tlie  hlcachin;;  process  has  no 
effect  upon  the  thickness  since  the  developed  and  unbleached 
emulsion  has  the  same  thickness  within  experimental  error  as 
the  developed  and  bleached  emulsion.  The  development  process 
has  the  greatest  effect  causing  a shrinkage  of  about  4m  • 

This  is  to  be  expected  because  of  the  fixing  and  hardening 
process  used  in  development.  .Since  no  lateral  motion  or 
tearing  of  the  emulsion  was  observed  at  tiie  glass  substrate, 
it  is  concluded  that  t!\e  processing  effects  only  the  thick- 
ness of  the  emulsion. 

3.  Optical  Index  of  Bleached  649-1- . Williamson  has 
measured  the  optical  index  of  bleached  649-F  emulsion,  therefore, 
it  was  unnecessary  to  perform  this  measurement  in  this 
dissertation.  The  data  obtained  by  Williamson  is  repeat  etl 
here  in  order  to  show  that  the  assumpi'ions  concerning  the 
response  of  the  optical  index  to  exposure  uscil  in  this 
dissertation  are  valid.  Figure  F-4  shows  this  data 
obtained  by  Williamson  for  the  optical  index  of  bleached 
649-F  emulsion  versus  exposure.  Again,  a linear  region  and 
a saturating  region  are  observed. 
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appendix  g 

ALTERNATE  SOLUTION  TO  THE  COUPLED  WAVE  EQUATIONS 


This  appendix  contains  an  alternate  solution  to 
the  coupled  wave  equations  of  Chapter  III  for  a thick 
hologram  based  upon  Green's  Functions. 

Eqs  (54)  and  (55),  Chapter  IV,  may  be  written  in 


matrix  notation  as 
V 


d f o , ^ 

dz 


(G-l) 


The  off  diagonal  terms  in  M are  the  coupling  terms.  The 
eigenvalues  of  M are 

(G-2) 

These  eigenvalues  are  very  similar  to  the  dominate  terms 
in  the  JWKB  solution  in  Chapter  III.  It  is  seen  that 


Aj}^(z)  = Y + (z) 


(G-3) 


where  yJ;^(z)  is  given  by  Eq  (106),  Chpater  IV.  The 
equality  holds  provided  all  derivatives  in  Y*^(z) 
are  neglected.  Therefore,  X^(z)  would  be  the  zero-order 
JWKB  solutions,  that  is,  the  solutions  for  the  constant 
coefficient  case. 
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By  finding  an  appropriate  set  of  eiven-vectors , M 
is  transformed  to  a nearly  diagonal  matrix,  starting  with 
the  transformation 


Eq  (G-1)  becomes 


dr 

dz 


-> 

4’’ 


whe  re 


and 


(G-5) 


(G-6) 


(G-7) 


where 


and 




(X_-X J 


1 - A 


-1  + A 


+ 


A = 


C 


+ X 

+ 


A 


Q-1 

c +x 


Eq  (G-5)  is  of  the  form 

= [D  + U]  r 

o 7. 


(G-8) 


(G-9) 


(G-10) 
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(G-11) 
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where  Q is  a diagonal  matrix  and  U is  an  off-diagonal 
matrix . 


D = 


^-1 
d z 


0 


0 X + 


A a' 

dA~  *^-1 

A^A'(A_-AJJ 


(G-12) 


and 


U 


Q-1 

A*A‘ (A_-A^) 


dA  -I 
d z 

0 


(G-13) 


Eq  (G-11)  is  solved  by  Green's  Functions  to  be 

00 

r = / G(z,t)  U(t)r(t)dt 

(G-14) 

where  G is  the  Green's  Function  matrix  operator  determined 
by  the  solution  of  the  equation, 


[31  1 - k]  fi 


ft  £(z,t)=  6(z-t)  I 


(G-15) 


which  yields 


G (z  ,t)  = e 


/IDCOdC 


-1 


[9  (z-t)l-e  (-t)l+U  "(t)6(t)] 


(G-16) 


where  9 (t)  is  a step  function  defined  by 

9 (t)  = 


r+1  ; t>  0 

[ 0 ; t<  0 


(G-17) 
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Upon  substitution  of  Eq  (G-16)  into  Eq  (G-14),  the  Green's 
Function  solution  is 


^ /:n(Odc  z 

r(z)=  e [? (0) +/^U(t ) r (t ) dt] 


(G-18) 


Eq  (G-18)  may  be  solved  by  a perturbation  technique  to  yield 

the  closed  form  solution 

^ flgU)  dC  z *1  ^ 

r(z)=  e ° 

X,  x_  x_ 

z 1 23  zx  "“•X 

/ / ^ / J i(x^^X2)l(Xj^x^)dx^-dx^  + 

X « X A ^ X M “ X M ^ V 

-1  2 3 4 X X. 

1 o 


ft  ft  dxg dx^,  + . . .]  r(o) 


(G-19) 


where, 


/^(Y)dY  /Jft(Y)dy 

ft(?>n)=e  U(n)  e 


(G-20) 

If  1>>  |fi|  z^>>|ft|^z^,  then  only  the  first  term  need  be  kept  in 
Eq  (G-19).  This  yields  the  approximate  solution 


r =e  r(o) 


(G-21) 


where 


B(z)  = ft(C)dC 


(G-22) 
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From  Eq  (G-4),  the  solution  becomes 

" -1 


V = P e P (o)  ''(o) 


(G-23) 


using  Eq  (C-7)  and  G-8  for 


Vo(z) 


Q.j(o) 


A+(0)-A_(0) 


+ ■A]  1 _ ^ _ R]  1 . + ^22 

A e -A  e -A  A (o)e  +A  A (o)e 


Dji  D22 
e -e 


Dj  1 ^ D22 

-A  (o)e  +A  (o)e 

(G-24) 


v(o) 


where 


r>  1/1  dA  Q , 
Dll= 


A -A 
+ 


CG-25) 


dA 

D22-  A_(z)  - ^ 


(G-26) 


In  conclusion,  it  appears  that  the  Green's  Function 
technique  is  very  similar  to  the  JWKB  approximation 
technique.  The  solutions  are  identical  in  0-order  terms 
and  very  nearly  identical  in  first-order  terms. 

A complete  application  of  the  boundary  conditions  for 
a transmission  and  reflection  hologram  is  not  presented, 
but  results  very  similar  to  the  JWKB  solution  arc  obtained. 
The  technique  using  Green's  Function  has  been  included  in 
order  to  illustrate  the  similarity  between  it  and  the 
JWKB  solution. 
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appi;ni)ix  II 

DERIVATION  or  Tin;  POl.AKI  ZAPION  OP  Till;  WAVE  I)  1 E F R ACT  E 1) 

BY  A hologram 


The  equation  for  the  scattered  electric 
from  an  elemental  volume  of  scatterers  is  gi 


/ 


i k , r - r ' 
e 1 ' 


E (ri=  4Tt  V > 
s ^ r-  r 


t j (r' j [nxE^(r')xn]dr' 


field  a m j)  1 1 t u d e 
V e n h y 


(11-n 


Eq  (H-1)  is  taken  from  Tatarskii's  book  on  atmospheric 

transmission  (Ref.  421.  E is  the  incident  electric 

0 

field  at  position  r'  from  a source  at  Cj(r')  is  the 

dielectric  constant.  This  relation  is  shown  in  Figure 
H-1.  u and  M are  unit  vectors.  M is  the  direction  of 
the  incident  wave  vector  at  r',  and  n is  the  direction  of 
the  diffracted  wave  vector. 


Figure  H-1.  Relationship  of  Vectors  in  the 

Scattering  Process 


1S8 


Ai'Ar, 


(■'or  a liulogi-am,  the  d i f f rae  t od  wave  vector  is  determined 
from  the  incident  wave  vector  direction  by  the  relation 

^ -+ 

k = k-  + iiiK 
m 2 c 

(H-2) 

file  incident  electric  field  amplitude  for  the  reconstruction 
wave  can  be  written 


= A (r-  ,1 
2 c 


; ) e (r  ' ) e 
c c 


(r') 


(H-3) 


Eqs  (H-2)  and  (H-3)  may  be  substituted  into  Eq  (H-1) 
to  yield  the  electric  field  amplitude  diffracted  into 
the  mth  order 


E (r)  = 
m 


c 

4tt 


/ik  Ir-r' 

it-tt 


M>c(r')^ 

c,(r')A  (r',^  )e  [k  xe  xk  ]d~, 

1 2c  c ^ m c r' 


(H-4) 


If  the  scattering  volume  is  taken  to  be  a very  small  volume 
surrounding  a single  hologram  fringe,  then  as  the  first 
approximation,  the  e^  and  k^  are  independent  of  position, 
r' , and  may  be  removed  from  the  integral.  Therefore,  Eq 
(H-4)  becomes 


: (r)  = e E (r) 
m ^ m m 


(H-5) 


whe  re 


k xe 


m c 


(H-6) 
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and 


1 • i k 1'  - r ' 1 i 4.  ( r ' ) 

' ' 


(11-7  ) 


e is  the  polarization  direction  of  the  scattered  light 

into  the  rath  diffracted  oriler.  n (rl  is  the  diffraction 

m 

araplitiido  to  be  calculated  in  the  main  body  of  the 
dissertation  using  coupled  i.’ave  tlieory. 

Of  particular  concern  is  the  evaluation  of  the  dot 
product,  j,  between  the  polarizations  of  the  zero- 

order  and  the  f i r s t - d i f f rac t ed  order.  This  is  accomplished 
using  liq  (11-6),  but  first,  Eq  (11-6)  must  be  normalized. 


k X e X k 
m c m 


(H-8) 


using  the  \ector  identity 

A X B X C - (A-C)B  - (X-B)  2 


Ik  xe  xkl-le-(k  e)k  I 
m c m''c  m c mi 


The  right  hand  side  of  Eq  (11-10)  becomes 


(H-9) 


(11-10) 


|6  -(k  e )k  1=  /l-2(k  . e )'  + (6  .1TT=  /f-cos  '(6  ,k  f 
‘ c nJ  c m'  ^ ID  c cm  c m 


(11-n  J 
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I 

I 

1 

■ ' I 


I : 

I •-  ‘ 

t 


e = s mf 
' m ' ' m 


(H-12) 


where  f is  the  angle  between  the  wave  vector  of  the  mth 
m 

diffracted  order  and  the  incident  polarization. 

Therefore,  the  unit  polarization  vector  for  the  mth 
diffracted  order  becomes 


6 

m 


k 


m 


X e X 
c 

s inf  T 
m ' 


k 

ra 


(H-13) 


using  the  fact  that  6^  = e^  and  identity  (H-9) , the 
dot  product  becomes 


e 

o 


6 

o 


|sin'f_j  1 


(H-14i 


therefore  , 


6 


o 


s i nT 


-1 


(li-15) 


Eq  (11-15)  is  used  in  Chpater  III  in  the  derivation  of 
the  coupled  wave  equations  which  describe  holographic 
diffraction.  While  Kogelnik  included  a polarization  term 
6^*6  ^ in  his  coupled  wave  equations,  he  did  not  derive 
an  expression  relating  it  to  known  quantities.  4'  j i s 
a known,  apriori  angle.  It  is  the  angle  between  the 
incident  wave  polarization  vector  and  the  wave  vector 
of  the  diffracted  light.  The  incident  polarization  is 
a given  quantity  and  the  diffracted  wave  vector  is 
determined  from  Eq  (H-2)  for  m=-l. 


: 1 
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Since  S.  . is  normal  to  the  jth  pin-hole,  it  is  defined 
J . me 

by  two  polarization  components  e'.  and  e'.  shown  in 
Figure  1-2.  is  defined  with  respect  to  the  (x.y.z) 

coordinates  to  be 

k . (r-K .) 

i- 

J |?-«.| 

(1-2) 

In  order  to  evaluate  Eq  (I-l),  e.  . needs  to  be 

J , 1 n c 

f f ^ 

transformed  from  the(x,  y,  "*^j)  coordinate  system  to 
the  (x,y,z)  system,  this  is  accomplished  by  a two 
rotations  of  the  basis  (x,y,z).  This  basis  transformation 


(1-3) 

where  '1'^  , and  , are  defined  in  Figure  1-3.  for 

-R.  >0  and  H'.>0  for  -R  .>0- 
jy  J xj 


Figure  I - 3 . 


Definition  of  4.  and  T . 

J J 


From  Figure  1-3,  it  is  clear  that 


s inf 


-R  . 

1 X 


J 


(1-4) 


-R  . 

s in  <(i.  = — 


J 


/R  . 2 + R , ^ 

jy  J z 


(1-5) 


From  Figure  1-2,  the  equation  for  6.  . is  obtained  to  be 

J , me 


6.  inc=e'.  X +e'.  y 
J . 1 X J y ^ 


(1-6) 


e.'  and  c.'  are  given  quantities.  By  substitution  of 
J ^ J / 

Eq  (1-5)  for  x'  and  into  Eq  (106),  the  Eq  for  6^ 
in  terms  of  the  (H,5>,2)  basis  is  obtained. 


6.  . = X[e.'  cosf.]+  y[e  ' sinf . sin^) . +e ' . cos*.]-*- 

j,inc  ' J y ^ ^ j X J jy 


2[-e' . sinf  .cos  )). +e ' . ,sin  i>.  ] 
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■rthich  can  be  used  in  Eq  (I-l)  to  deterinine  the  polarization 
of  tlie  spherical  wave.  This  result  is  used  in  order  to 
account  for  the  polarization  of  the  spherical  waves 
used  in  the  main  text.  Eq  (I'l)  in  conjunction  with  Eq 
(1-7)  are  used  to  determine  the  polarizations  as  a 
function  of  position  across  the  surface  of  the  hologram 
during  construction  and  reconstruction.  These  equations 
serve  as  a basis  for  handling  the  effects  of  reconstruction 
wave  polarization  and  for  reconstruction  wave  vectors  out 
of  the  plane  of  incidence  of  the  original  object  and 
reference  wave  vectors. 
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